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The  form  of  the  grain  size  distribution  in  poly- 
crystalline  aluminum  has  been  investigated  through  the 
examination  of  individual  grains ,  separated  from  the 
aggregate  with  liquid  gallium.   The  grain  volumes, 
represented  by  the  grain  weights,  have  been  found  to  be 
statistically  approximated  by  the  log-normal  distribution. 
The  variability  of  the  width  of  the  size  distribution 
has  been  investigated  with  respect  to  the  amount  of 
deformation  prior  to  recrystallization  and  grain  growth, 
and  with  respect  to  the  rate  of  solidification  of  cast 
material.   Increasing  deformation,  observed  over  a  range 
of  3  to  807c  has  been  found  to  continuously  reduce  the 
width  of  the  grain  size  distribution,  measured  through 
9.n   Oy,  the  standard  deviation  of  the  logarithms  of  the 
grain  sizes.   Grain  growth  following  recrystallization  did 


not  affect  £.n  (5,,  significantly.   The  width  of  the  grain 
size  distribution  of  cast  Al-10  wt .  7o  Zn  was  found  to 
decrease  with  increasing  rate  of  a  solidification. 

The  frequency  distributions  of  the  numbers  of  faces 
per  grain  (F„)  and  edges  per  face  (E-p)  were  determined 
through  direct  observation  of  grains  separated  from  the 
deformed  and  annealed  high  purity  aluminum  specimens. 
The  widths  of  the  distributions  of  E^,  and  F„ ,  £n  o'      and 
P.n  Op  respectively,  were  found  to  decrease  with  increased 
deformation,  and  to  correlate  directly  with  £n  Oy,    sup- 
porting the  theoretical  relation  of  the  grain  size  and 
topological  distributions.   The  frequencies  of  3-edged 
faces  and  4-faced  grains  were  also  found  to  be  related 
directly  to  the  widths  of  the  topological  distributions , 
and  therefore  to  ?-n  Oy. 

The  effect  of  the  frequency  of  3-edged  faces  on  the 
rate  of  grain  growth  was  tested  through  the  comparison 
of  the  growth  rates  of  two  series  of  specimens ,  deformed 
257o  and  807,,  respectively,  before  annealing.   The  rate  of 
change  of  the  average  grain  volume  (V) ,  with  time ,  at 
equal  values  of  V,  was  found  to  be  greater  by  a  factor  of 
20  for  the  2573  series  than  for  the  807o  series,  throughout 
growth.   The  difference  in  percentage  of  3-edged  faces, 
projected  for  the  two  series  from  the  prior  results,  was 


approximately  of  this  magnitude.   These  results  support 
a  mechanism  of  grain  growth,  in  which  the  rate  of  growth 
is  controlled  by  the  rate  of  occurrence  of  discrete 
topological  events ,  necessary  for  continuous  grain 
annihilation. 


INTRODUCTION 

The  grains  comprising  polycrystalline  metals  traverse 
a  large  range  of  sizes  in  any  given  specimen.   That  this 
is  so  is  generally  known  but  is  seldom  considered  in 
metallurgical  theory  or  practice.   The  difficulty  of 
analyzing  or  even  visualizing  the  three-dimensional 
aggregate  of  grains  has  instead  led  to  the  historical 
reliance  on  the  more  convenient  concept  of  "average 
grain  size."   Knowledge  of  the  grain  size  distribution 
and  its  effect  on  the  properties  of  materials  has  thus 
developed  slowly. 

Most  of  what  is  known  about  the  distribution  is 
related  to  its  form.   Stereological  calculations,  based  on 
models  of  constant  grain  shape,  have  generally  indicated 
a  skewed  array  of  sizes,  closely  approximated  by  the 
log-normal  distribution  (1-3)  .   Experiments  utilizing 
these  two-dimensional  measurements  (3,4)  and  the  more 
exact  three-dimensional  investigation  of  Okazaki  and 
Conrad  (5)  have  further  shown  that  the  relative  spread  of 
this  distribution  remains  unchanged  over  extended  periods 
of  grain  growth.   Analysis  of  the  data  from  the  three- 
dimensional  studies  by  Hull  (6)  and  Williams  and 


Smith  (7)  have  confirmed  the  log-normality  of  the  dis- 
tribution and  have  revealed  that  the  volumes  of  the 
individual  grains  in  a  given  specimen  may  vary  by  factors 
of  several  hundred  to  a  thousand. 

Other  than  the  results  from  these  few  valuable 
investigations,  little  is  known  about  grain  size  dis- 
tributions and  many  questions  remain  unanswered: 

What  is  the  range  of  variability  of  the  form  of  the 

distribution? 

If  variable,  how  is  the  form  affected  by  the  varia- 
tion of  common  processing  parameters,  such  as 
solidification  rate,  and  the  rate,  degree  and  mode 
of  deformation  prior  to  recrystallization? 

How  is  the  topological  state  of  a  polycrystalline 
body  affected  by  the  grain  size  distribution? 

To  what  extent  does  the  distribution  influence  the 
rate  of  grain  growth  and  mechanical  properties  of 
materials  ? 

What  beneficial  properties  are  obtainable  through  the 
intentional  control  of  the  grain  size  distribution? 

This  investigation  has  sought  to  go  beyond  the  mea- 
surement of  polycrystalline  size  distributions  as  an  end 


in  itself  by  employing  the  measured  parameters  as 
investigative  tools  for  gathering  other  information.   The 
following  chapters  will  describe  the  investigation  of 
several  of  the  above  areas .   Although  these  topics  are 
all  related  to  the  distribution  of  grain  sizes  in  poly- 
crystalline  aggregates,  the  subject  addressed  by  each  is 
sufficiently  deep  to  warrant  individual  treatment.   Ac- 
cordingly, each  chapter  will  present  the  appropriate 
background  of  the  problem  to  be  addressed,  the  experi- 
mental method,  and  the  discussion  of  the  findings  and 
their  significance  to  the  overall  topic. 

The  first  chapter  deals  with  the  problems  of  accurate 
representation  of  the  size  distribution  and  estimation 
of  its  parameters.   A  three-dimensional  approach  involving 
grain  separation  is  employed  for  the  measurement  of  the 
individual  grain  sizes,  the  frequencies  of  which  are 
statistically  shown  to  be  well  approximated  by  the  log- 
normal  distribution.   This  enables  the  use  of  £n  Oy,    the 
standard  deviation  of  this  distribution  to  monitor  the 
effects  of  various  processing  parameters  on  the  variation 
of  the  resulting  grain  sizes.   Solidification  rate  and  the 
degree  of  deformation  prior  to  recrystallization  are 
explored  and  are  found  to  affect  Jin  Oy  significantly.   The 
results  of  these  studies  also  allow  observations  to  be 


made  concerning  the  theories  of  the  mechanism  of  grain 
formation  by  these  processes. 

In  the  second  chapter,  the  frequency  distributions  of 
topological  parameters ,  such  as  the  number  of  faces  per 
grain  and  edges  per  face,  and  their  relationship  to  the 
grain  size  distribution  are  investigated.   Theoretically, 
the  number  of  faces  on  the  individual  grains  in  an 
aggregate  should  be  a  function  of  their  own  size  and  that 
of  their  neighbors.   The  sizes  of  these  faces  and  their 
numbers  of  edges  should  also  result  from  the  overall 
grain  size  distribution. 

Interest  in  the  topological  distributions  results 
primarily  from  their  theoretical  relation  to  the  rate  of 
grain  growth.   C.  S.  Smith  (8),  Rhines  and  Craig  (9),  and 
Steele  (10)  have  explained  this  process  as  a  progression 
of  topological  events  involving  triangular  faces  and 
tetrahedral  grains.   Thus,  knowledge  concerning  the 
relation  between  grain  size  distribution  and  the  topology 
of  the  grain  boundary  network  may  provide  still  more 
insight  into  the  mechanism  of  grain  growth.   The  nature 
of  this  relationship  is  investigated  through  the 
examination  of  grains  separated  from  the  size  distribution 
specimens  of  Chapter  I. 

The  grain  growth  process  itself  is  examined  experi- 
mentally in  the  third  chapter.   Grain  growth  rate, 


measured  as  -3—  at  constant  average  grain  volume,  V,  is 

compared  among  samples  deformed  different  amounts  before 
recrystallization .   The  interrelation  of  deformation, 
grain  size  distribution  and  topological  state,  demon- 
strated in  Chapters  I  and  II,  suggests  that  the  presently- 
found  differences  in  -j— -  may  be  due  to  variation  in  the 

degree  of  topological  restriction  of  the  process.   The 
nature  of  grain  growth  in  the  specimens  discussed  above 
is  also  examined  in  terms  of  the  global  metric  properties: 
Sy ,  grain  boundary  surface  area  per  unit  volume;  L„, 
length  of  grain  edge  (triple  line)  per  unit  volume;  M„, 
total  grain  boundary  curvature  per  unit  volume;  and  the 
topological  property  N„,  number  of  grains  per  unit  volume 

The  distributional,  topological,  and  metric 
properties  each  report  a  different  piece  of  information 
about  the  polycrystalline  aggregate  and  the  grain  growth 
process.  These  pieces  are  all  related,  however,  and  may 
now  be  examined  in  combination,  yielding  a  more  complete 
picture  of  this  process  than  has  been  available  from  any 
one  type  of  information  alone. 


CHAPTER  I 
THE  GRAIN  SIZE  DISTRIBUTION 


Introduction 


The  grain  size  distribution  is  a  very  subtle  property 
of  a  material.   Resulting  from  microstructural  processes 
such  as  solidification,  recrys tallization ,  and  grain 
growth,  which  are  themselves  not  fully  understood,  its 
nature  and  effect  on  other  properties  is  generally  un- 
known.  The  difficulty  of  its  measurement  has  also 
restricted  knowledge  in  this  area.   This  chapter  will 
explore  the  form  of  the  grain  size  distribution  and  its 
variability  in  relation  to  the  above  processes  through 
which  it  evolves.   This  information  should  add  to  the 
knowledge  of  the  nature  of  polycrystalline  microstructures 
and  may  yield  insight  into  the  evolutionary  processes 
themselves . 

Numerous  stereological  techniques  have  been  de- 
veloped for  the  analysis  of  grain  size  distributions  (1, 
11).   Generally,  these  methods  require  measurement  of  the 
distribution  of  some  aspect  of  two-dimensional  grain 
sections,  such  as  chord  lengths,  diameters,  or  areas. 
With  the  assumption  of  some  constant  model  grain  shape, 


such  as  a  sphere  or  tetrakaidecahedron ,  for  which  the 
distribution  function  of  the  measured  feature  is  known, 
the  spatial  grain  size  distribution  may  be  calculated. 
These  methods  are  only  approximate,  however,  since  grains 
do  vary  in  shape  and  are  often  unequiaxed. 

Unbiased  determination  of  the  grain  size  distribution 
must  be  performed  directly,  through  a  technique  which 
examines  a  spatial  property  of  the  microstructure .   Only 
a  few  such  investigations  have  been  performed  previously. 

In  1952,  Williams  and  Smith  (7)  employed  micro- 
radiography to  measure  the  spatial  sizes  of  the  grains 
in  an  Al-Sn  alloy.   The  sizes  were  approximated  by 
comparison  of  their  magnified  three-dimensional  images 
with  spheres  of  known  volume.   The  resulting  distribution 
of  grain  volumes  is  illustrated  in  Fig.  (1).   In 
Fig.  (2),  these  data  are  seen  to  plot  linearly  on  a 
logarithmic  X  probability  scale,  indicating  good  approxi- 
mation of  the  log-normal  distribution  (12) .   This  is  con- 
sistent with  the  findings  of  numerous  stereological  in- 
vestigations as  well  (1,2). 

Hull  (6)  separated  almost  1000  grains  from  a  B- 
brass  casting,  disintegrated  with  a  solution  of  mercurous 
nitrate  and  nitric  acid.   He  then  sized  the  grains  by 
sieving.   His  data,  illustrated  in  Fig.  (17),  are  also 
representative  of  the  log-normal  distribution. 
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Figure    (2) .       Log-norraal   probability   plot    of    the    grain 
volume    data   of   Williams    and    Smith    (7). 
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In  1972  Okazaki  and  Conrad  (5)  employed  serial 
sectioning  to  obtain  grain  volume  distributions  for  Ti . 
They  examined  samples  which  had  been  swaged  identically 
but  annealed  for  different  times  and  temperatures , 
resulting  in  a  wide  range  of  final  average  grain  sizes. 
The  data  from  these  samples  were  also  consistently  linear 
on  a  log-normal  plot.   The  slopes  of  the  lines  from  the 
various  samples  were  identical,  indicating  similar 
relative  widths  of  their  grain  size  distributions, 
regardless  of  the  average  grain  size.   These  findings 
tended  to  support  the  earlier  hypothesis  that  the  grain 
size  distribution  of  a  given  material  remains  constant 
during  grain  growth.   It  was  also  of  interest  that  the 
variation  of  the  recrystallization  and  grain  growth 
temperature  had  little  influence  on  the  resulting  grain 
size  distribution.   Their  investigation  of  directly 
measured  grain  size  distributions  was  the  first  to  be 
performed  over  a  coherent  range  of  experimental  condi- 
tions . 

In  addition  to  the  laborious  methods  previously 
mentioned,  Otala  (13)  has  recently  reported  a  magnetic 
method  for  volume  distribution  analysis.   This  technique, 
applicable  to  ferromagnetic  materials,  is  based  on  the 
pinning  of  magnetic  domain  walls  by  grain  boundaries. 
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Figure  (3) .   Frequency  of  pulse  height— directly  pro- 
portional to  frequency  of  grain  volume— for 
four  low-carbon  steel  specimens ,  from  the 
magnetic  technique  of  Otala  (13) .   The  ap- 
parent distribution  widths  vary  with  the 
average  grain  size. 
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The  volume  distribution,  measured  as  a  distribution  of 
electronic  pulse  heights ,  is  obtained  directly  from  an 
X-Y  recorder  or  an  oscilloscope.   Figure  (3)  illustrates 
several  distributions  measured  from  low-carbon  steels 
with  different  average  grain  sizes.   Unfortunately, 
Otala  did  not  further  analyze  the  forms  of  these  distri- 
butions.  In  light  of  the  rapidity  and  experimental  ease 
of  the  magnetic  method  and  the  large  numbers  of  grains 
included  in  its  analysis,  it  appears  to  be  the  most 
efficient  means  available  for  the  direct  determination 
of  grain  volume  distribution.   A  disadvantage  is  that  it 
does  require  the  use  of  special  electronic  equipment. 

The  principal  observations  of  the  size  distribution 
investigations  performed  to  date  may  be  listed  as  fol- 
lows . 

(1)  The  distributions  of  spatial  grain  sizes  are 
consistently  well  approximated  by  the  log-normal  distri- 
bution . 

(2)  The  relative  width  of  the  grain  size  distribu- 
tion is  variable  with  material  and  processing  history. 

(3)  The  distribution  maintains  a  constant  relative 
width  during  grain  growth. 

These  observations  indicate  that  there  is  an  under- 
lying commonality  among  the  various  processes  by  which 
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microstructures  evolve,  tending  to  produce  similar  types 
of  grain  size  distributions.   There  also  appears  to  be 
a  degree  of  freedom  within  this  constraint,  which  allows 
some  variation  of  the  distribution  width.   Further 
knowledge  of  the  distributional  forms  resulting  from 
controlled  variation  in  processing  would  undoubtedly 
aid  the  understanding  of  the  mechanisms  of  these  proces- 
ses . 

This  investigation  will  explore  the  variability 
of  the  grain  size  distribution  with  respect  to  the 
solidification  rate  of  a  casting  and  the  amount  of  cold 
work  given  a  material  prior  to  recrystallization  and 
grain  growth.   These  variables  influence  their 
respective  processes  strongly,  through  their  effects  on 
the  rates  of  nucleation  and  growth  of  new  constituent. 
The  great  differences  in  the  types  of  microstructures, 
theoretically  produced  by  different  nucleation  and  growth 
conditions  (14-16) ,  suggest  that  the  above  methods  may 
well  be  expected  to  yield  different  size  distributions 
experimentally . 

Size  distributions  may  be  determined  through  the 
weighing  of  individual  grains  which,  in  the  case  of 
aluminum  and  its  alloys,  can  be  separated  from  the  ag- 
gregate by  liquid  gallium  penetration.   The  distribution 
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of  weights  is  directly  proportional  to  the  grain  volume 
distribution.   Through  systematic  variation  of  the 
solidification  rate  or  amount  of  deformation,  the  relative 
effects  of  these  parameters  on  the  resulting  distributions 
may  be  assessed. 

In  addition  to  this ,  the  validity  of  the  log-normal 
approximation  may  be  tested  further.   Good  comparison 
between  the  theoretical  and  measured  distributions  should 
justify  the  use  of  £n  o„,  the  standard  deviation  of  the 
logarithmic  distribution,  as  a  measure  of  distribution 
width.   Continual  agreement  with  the  log-normal  distribu- 
tion would  also  tend  to  restrict  the  theoretical 
mechanisms  of  these  evolutionary  processes,  allowing 
only  those  capable  of  producing  such  distributions.   Of 
still  further  interest  is  the  comparison  of  the 
theoretical  distribution  parameters  of  the  Johnson-Mehl 
and  cell  models  of  nucleation  and  growth  (15)  with  experi- 
mental data,  and  the  test  of  the  Hillert  model  of  grain 
growth  (17) . 

Experimental  Procedure 
Material 

High  purity  aluminum  of  the  composition  listed 
below"  was  employed  in  the  experiments  involving 

"As  given  in  reference  (18) . 
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deformation,  recrystallization  and  grain  growth,  prior  to 

analysis  of  the  grain  size  distribution. 

Composition  (%) 

Al  99.998 

Si  0.0003 

Fe  0.0009 

Cu  0.0001 

Mg  0.0005 

Ca  0.0002 

This  material  was  chosen  for  the  following  reasons. 

(1)  Pure  aluminum  has  a  single  phase  microstructure 
with  few  annealing  twins  or  precipitates. 

(2)  Its  grains  are  easily  separated  through  boundary 
penetration  with  gallium. 

(3)  There  is  an  abundance  of  experimental  recrystal- 
lization and  grain  growth  data,  with  which 
results  may  be  compared. 

For  the  experiments  investigating  the  effect  of 
solidification  rate  on  the  grain  size  distribution,  an 
alloy  of  Al-10  wt .  7o  Zn  was  used.   X-ray  diffraction 
indicated  that  the  zinc  ingot  contained  some  copper 
impurity.   The  aluminum  was  obtained  from  the  previously 
described  lot. 

Aluminum  was  chosen  as  a  base  material  for  the  first 
two  of  the  reasons  given  above.   Castings  of  pure  aluminum 


17 


were  found  to  be  composed  of  columnar  grains  only,  how- 
ever.  An  alloy  was  required  in  order  to  produce  an 
equiaxed  microstructure .   The  Al-Zn  system  was  chosen 
because  of  the  relative  simplicity  of  the  aluminum-rich 
side  of  the  phase  diagram. 

Sample  Preparation 

Preparation  of  specimens  for  testing  the  effect  of  prior 
de^f  ormation 

In  order  to  determine  the  effect  of  the  amount  of 
deformation  prior  to  recrystallization  on  the  grain  size 
distribution  after  annealing,  a  series  of  four  samples 
was  prepared  identically,  except  for  the  amount  of 
deformation  in  each  sample.   The  method  of  production  of 
the  specimens  from  the  high  purity  aluminum  ingot,  and 
their  individual  treatments,  are  described  below. 

A  block  of  sound  material,  measuring  4.2  cm.  x  7  cm. 
X  7.6  cm. ,  was  sawed  from  the  commercially  supplied 
aluminum  ingot.   This  piece  was  unidirectionally  rolled 
at  room  temperature  from  4.2  cm.  to  2  cm.  in  thickness,  a 
reduction  of  5A7c.   The  13.5  cm.  x  7  cm.  x  2  cm.  slab 
was  stored  in  a  freezer  at  -18°C  until  given  a  recrystal- 
lization anneal  in  a  forced  air  furnace  at  380°C  for  1  hr . 
It  was  then  sawed  across  its  width  to  yield  two  strips, 
each  3  cm.  wide. 
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The  3  cm.  x  7  cm.  x  2  cm.  strips  were  cooled  in 
liquid  nitrogen  (-196°C)  and  drop-hammer  forged  in  the 
3  cm.  direction  to  a  final  height  of  1.5  cm.  (507o  reduc- 
tion).  During  forging,  the  pieces  were  recooled  intermit- 
tently to  prevent  recrystallization .   The  pieces  were 
stored  in  liquid  nitrogen  until  given  a  recrystallization 
anneal  in  a  forced  air  furnace  at  380°C  for  40  min .   They 
were  then  sawed  into  small  pieces,  1.5  cm.  x  1.5  cm.  x 
3  cm. ,  which  were  machined  into  cylinders  approximately 
1.4  cm.  in  diameter  by  2.4  cm.  high.   The  surfaces  were 
polished  with  coarse  and  fine  grinding  papers  to  remove 
the  metal  disturbed  by  machining  and  to  reduce  friction 
during  the  later  compression  treatment. 

Four  specimens  were  then  cooled  in  liquid  nitrogen 
and  individually  compressed,  using  a  hand-operated 
hydraulic  press,  to  reductions  in  height  of  37o,  7%,  16%, 

and  307o.   The  compression  strain  rates  were  approximately 

-2       -1 
1  X  10    (sec.   ).   These  specimens  were  stored  in  liquid 

nitrogen  until  given  recrystallization  anneals  in  a 

molten  salt  bath  at  635±2°C.   The  samples  were  kept  in 

the  bath  for  1.5  hr .  and  quenched  to  room  temperature. 

They  were  then  annealed  for  20  more  hours  in  a  forced 

air  furnace  at  635±1°C  and  quenched.   The  extra  anneal 

was  needed  to  increase  the  sizes  of  the  grains  in  the 


19 


higher  deformation  samples,  so  that  they  could  be  easily- 
handled  and  weighed  after  separation. 

Only  grains  from  the  central  areas  of  the  specimens 
were  taken  for  the  following  analyses,  to  avoid  any 
effects  of  the  specimen  surfaces  on  deformation  and  grain 
growth.   The  samples  will  be  referred  to  by  the  following 
designations ; 

Sample  "U   Deformation 
C-3  3 

C-7  7 

C-16  16 

C-30         30 

Preparation  of  specimens  for  testing  the  effect  of  grain 
gro^rTtTT 

A  second  experiment  was  performed  in  order  to  confirm 
Okazaki  and  Conrad's  (5)  finding  that  the  grain  size 
distribution  remains  constant  throughout  grain  growth. 
Two  samples,  obtained  from  the  same  deformed  tensile  bar, 
were  recrystallized  and  allowed  to  grain  grow  for  dif- 
ferent lengths  of  time  at  the  same  temperature.   Their 
respective  grain  size  distributions,  determined  through 
grain  separation,  were  then  compared.   A  sample  from  a 
second  tensile  bar,  given  a  lesser  amount  of  deformation, 
was  annealed  at  a  similar  temperature  for  comparison. 
The  method  of  preparation  and  the  treatments  of  these 
samples  are  described  below. 
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Two  blocks  of  sound  material,  each  measuring  ap- 
proximately 8  cm.  X  5  cm.  x  20  cm.  were  sawed  from  high 
purity  aluminum  ingots  from  the  previously  mentioned  lot, 
These  were  rolled  at  room  temperature  to  507c,  reductions 
in  thickness,  and  flattened  with  several  light  taps  from 
a  drop  hammer.   The  large  slabs,  in  contact  with  thermo- 
couples, were  annealed  in  an  air  furnace  at  400°C  for 
1  hr.,  in  addition  to  the  40  min .  heat-up  period,  to 
produce  complete  recrystallization . 

A  strip  approximately  2.5  cm.  square  by  36  cm.  long 
was  cut  from  each  slab.   These  were  machined  into  round 
tensile  bars  with  gage  sections  measuring  0.750±0.001  in, 
in  diameter  by  12  in.  long.   The  bars  were  deformed  in 
tension  at  strain  rates  of  2.7  x  10    (sec.   ),  while 
immersed  in  liquid  nitrogen.   Their  final  elongations 
were  37c,  and  6?o,  engineering  strain. 

Two  cross-sectional  specimens  were  sawed  from  the 
bar  deformed  67o  and  one  specimen  was  sawed  from  the  bar 
deformed  37o.   The  bars  were  kept  cool  during  sectioning 
and  the  specimens  were  stored  in  liquid  nitrogen.   They 
were  later  annealed  for  varying  lengths  of  time  in  a 
molten  salt  bath  at  600±1°C,  and  quenched.   The  cor- 
responding sample  designations  and  treatments  are  as 
follows : 
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Sample  7o  Deformation  Time  of  anneal  (600°C) 
T-3            3  10   min. 

T-6-1  6  1.5  min. 

T-6-2         6  1   hr. 

After  annealing,  the  size  distributions  of  the  internal 

grains  of  each  specimen  were  determined  through  the 

separation  and  weighing  method. 

Preparation  of  specimens  for  testing  the  effect  of 
solidification  rate 

In  order  to  study  the  effect  of  solidification  rate 
on  the  resulting  grain  size  distribution,  several  castings 
were  produced  by  similar  means,  varying  only  their  manner 
of  freezing.   These  melts  of  Al-10  wt .  7o  Zn  were  in- 
dividually prepared  in  the  following  manner. 

Two  or  three  pieces  of  aluminum,  weighing  a  total 
of  680  gm. ,  and  one  70  gm.  piece  of  zinc  were  cleaned 
with  acid.   The  aluminum  was  placed  in  a  graphite 
crucible,  and  melted  in  an  air  furnace.   When  the  aluminum 
had  completely  melted,  the  crucible  was  removed  from  the 
furnace  and  the  zinc  added.   The  melt  was  then  stirred 
for  several  seconds  with  a  graphite  rod  to  assure  uniform 
zinc  distribution. 

The  individual  melts  were  then  given  the  following 
separate  treatments ,  in  order  to  achieve  three  different 
rates  of  solidification. 
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(1)  Rapid  solidification  rate  -  One  melt  was  poured 
into  a  long,  narrow  (3.5  cm.  diameter)  cavity 
in  a  thick  graphite  crucible  at  room  tempera- 
ture.  The  sample  was  completely  solidified 
within  five  seconds . 

(2)  Intermediate  solidification  rate  -  Another  melt 
was  poured  into  the  large  central  cavity 

(5.5  cm.  diameter)  of  a  relatively  thin-walled 
graphite  crucible  which  was  at  room  temperature, 
Solidification  was  complete  in  less  than  one 
minute . 

(3)  Slow  solidification  rate  -  The  hot  crucible 

(7  cm.  internal  diameter)  containing  the  third 
melt  was  removed  from  the  furnace,  covered  with 
a  hot  top,  and  placed  on  a  large  steel  plate 
at  room  temperature .   Solidification  was  com- 
plete in  approximately  three  minutes. 

The  three  specimens  will  be  referred  to  by  the  following 
designations : 


Sample 

Solidification  Rate 

S-1 

fast 

S-2 

intermediate 

S-3 

slow 

On  sectioning,  the  castings  were  found  to  contain 
no  significant  porosity.   All  possessed  a  rim  of  columnar 
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grains  about  their  circumference,  surrounding  a  central 
mass  of  equiaxed  grains.   Only  grains  from  the  equiaxed 
region  were  employed  in  the  grain  size  distribution 
analyses . 

Measurement  of  Grain  Size  Distribution 

The  grain  size  distributions  of  the  above  samples 
were  all  determined  in  the  same  manner.   Approximately 
100  grains  were  separated  from  each  specimen  by  gallium 
penetration  and  the  weights  of  these  grains  were  obtained. 
The  properties  of  the  grain  volume  distribution  were  then 
determined  from  the  distribution  of  grain  weights. 
Separation  technique 

The  technique  of  separating  individual  grains  from 
an  aggregate,  for  observation,  was  first  used  by 
Desch  (19)  in  1919.   Using  mercury,  he  separated  grains 
from  a  6-brass  casting  in  order  to  count  the  numbers  of 
facets  and  edges.   This  penetration  phenomenon  is  driven 
by  the  reduction  of  the  total  surface  energy  through  the 
wetting  of  the  grain  boundaries  by  the  liquid  metal. 
Robinson  (20)  has  since  employed  a  saturated  aqueous 
solution  of  mercurous  chloride  to  separate  7075  Al  con- 
taining grain  boundary  precipitate. 

Liquid  gallium  is  also  known  to  wet  the  grain 
boundaries  of  aluminum  at  near-ambient  temperatures . 
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The  melting  point  of  pure  gallium  is  29.75°C,  and  from 
the  Al-Ga  phase  diagram  [Fig.  (4)],  it  can  be  seen  that  an 
eutectic  is  formed  at  almost  98 .  97c,  Ga  and   26.6°C.   Since 
it  was  desired  to  use  pure  aluminum  in  the  grain  growth 
studies. of  this  investigation  (Chapter  III),  gallium 
penetration  was  chosen  as  the  means  of  separation.   The 
procedure  found  to  be  the  most  satisfactory  is  described 
below. 

The  sample  to  be  disintegrated  was  first  cleaned 
with  an  aqueous  solution  of  HF ,  rinsed  and  dried.   It  was 
then  placed  on  a  glass  slide  and  heated  to  approximately 
50°C  on  a  hot  plate.   A  small  piece  of  solid  gallium  was 
placed  on  the  sample  and  allowed  to  melt.   Scraping  the 
aluminum  oxide  from  beneath  the  drop  of  gallium  with  a 
knife  blade  enabled  the  liquid  metal  to  wet  the  sample 
and  penetrate  the  grain  boundaries.   A  slight  excess 
of  gallium  was  added  and  spread  over  the  entire  surface. 
The  coated  specimen  was  left  on  the  hot  plate  for  3-5 
min . ,  and  then  removed  and  allowed  to  cool  to  room 
temperature.   Slight  squeezing  of  the  sample,  with  pliers 
or  in  a  vice,  loosened  the  grains  and  facilitated  their 
later  separation. 

The  outer  grains  were  removed  with  tweezers  and 
several  clumps  of  20  to  50  grains  were  removed  from  the 
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Figure  (4) .   Aluminum-gallium  phase  diagram. 
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central  area  of  the  specimen.   Removal  of  the  grains  in 
groups  assured  a  representative  sampling  of  grains  of  all 
sizes.   These  clumps  were  placed  on  a  piece  of  double- 
sided  tape  on  a  glass  slide,  and  the  individual  grains 
were  separated  with  tweezers .   The  separation  was  per- 
formed beneath  the  binocular  microscope  to  assure  that 
all  grains  were  separated.   The  gallium  film  generally 
remained  liquid  for  several  days.   If  separation  of 
another  group  of  grains  was  desired  after  it  had 
solidified,  the  specimen  was  simply  reheated  on  a  glass 
slide . 

Occasionally,  two  or  more  grains  would  remain  stuck 
together.   These  were  separated  by  forceably  twisting 
them  with  tweezers  or  cutting  them  apart  with  a  razor- 
edged  knife.   This  had  to  be  done  with  only  a  small  por- 
tion of  the  grains  and  had  no  effect  on  the  results  since 
the  grains  could  usually  be  separated  at  their  boundary. 

The  separated  grains  were  rolled  about  on  the  tape 
or  on  Silly  Putty  to  remove  any  excess  gallium,  and  were 
placed  in  rows  on  a  clean  piece  of  tape  to  prevent  their 
loss.   A  sampling  of  76  grains  from  specimen  T-3  is 
shown  in  Fig .  (5) . 
Weight  determination 

The  majority  of  the  grains  from  each  sample  could 
be  weighed  on  a  Mettler  electronic  balance,  with  a  scale 
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Figure  (5).   Representative  sample  of  aluminum  grains, 

separated  from  specimen  T-3,  using  gallium. 
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-4 
readable  to  10    gra.   Most  samples,  however,  contained 

some  portion  of  grains  smaller  than  this.   These  grains 

were  sized  under  the  microscope,  by  comparison  with  small 

glass  beads  of  several  known  diameters .   The  grain 

weights  were  calculated  from  the  volume  of  the  beads  which 

most  closely  approximated  their  size. 

Coulter  Counter  Analysis 

The  grain  volume  distribution  of  specimen  80-1, 
described  in  Chapter  III,  was  also  analyzed  for  comparison 
with  the  present  specimens.   Since  the  grains  separated 
from  this  sample  were  much  too  small  to  weigh,  their 
volumes  were  measured  using  a  Coulter  Counter  (electronic 
particle  size  analyzer) .   This  type  of  device  has  pre- 
viously been  used  to  measure  the  sizes  of  inclusions  in 
steel  (21). 

In  operation,  the  Coulter  Counter  draws  a  fluid, 
in  which  the  separated  grains  are  suspended,  past  an 
aperture  across  which  an  electrical  current  flows.   The 
change  in  resistance  across  the  aperture  is  measured  as 
the  grain  passes.   The  signal  is  transformed  to  a  measure- 
ment of  the  grain  volume,  which  is  stored  in  the  memory 
of  the  device.   The  volumes  of  thousands  of  grains  may  be 
measured  in  less  than  a  minute. 
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The  specimen  was  penetrated  with  gallium,  as  before, 
and  several  thousand  grains  were  scraped  from  an  internal 
location,  using  the  point  of  a  razor-edge  knife.   These 
fine  grains  were  held  together  by  a  film  of  liquid  gal- 
lium.  The  agglomerate  was  placed  in  a  beaker  of  the 
Coulter  Counter  fluid,  containing  glycerol  to  prevent 
violent  reaction  with  the  gallium.   On  immersion  in  an 
untrasonic  cleaner,  the  gallium  separated  from  the  grains. 
The  contaminated  fluid  was  poured  off  and  the  grains  were 
observed  through  a  binocular  microscope  to  assure  that  all 
were  separated.   Any  clusters  of  grains  were  broken  apart 
with  tweezers.   The  few  grains  which  were  too  coarse 
to  pass  through  the  aperture  were  then  removed  by 
sieving.   These  were  only  a  few  out  of  several  thousand 
grains,  and  their  absence  did  not  affect  the  analysis. 
The  grains  were  then  placed  in  the  fluid  reservoir  of 
the  machine  and  processed. 

Artificial  counts ,  resulting  from  electronic 
noise,  are  always  present  in  the  output  from  the  machine. 
To  allow  for  these,  a  run  was  performed  using  clear 
fluid,  containing  no  grains.   The  number  of  counts  pro- 
duced in  each  size  class  during  this  run  were  subtracted 
from  the  previous  output,  to  obtain  the  true  distribution 
of  grain  volumes. 
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Experimental  Results 

The  grain  weight  data  from  the  various  samples  are 
presented  in  Appendix  A.   It  can  be  seen  that  the  weights 
within  individual  samples  often  varied  by  factors  of 
several  hundred  to  several  thousand.   The  size  distribu- 
tions plotted  from  these  data  are  typically  unimodal  and 
are  distinctly  skewed  towards  the  larger  grain  sizes. 
This  is  illustrated  in  Fig.  (6),  with  the  data  from  sample 
C-4.   Since  volume  and  weight  are  directly  proportional, 
the  distribution  of  the  volumes  of  these  grains  would 
appear  identical  to  the  weight  distribution  shown  here. 

The  cumulative  frequency  of  grains  which  are 
greater  than  or  equal  to  some  given  weight  may  be  plotted 
on  a  logarithmic  probability  graph,  as  shown  in  Fig.  (7), 
again  using  the  data  from  sample  C-4.   The  linearity  of 
the  data  on  this  type  of  plot  indicates  that  the  distri- 
bution of  grain  weights  is  approximately  log-normal  (12) , 
the  generally  assumed  form  of  the  distributions  of  grain 
diameters  and  volumes.   As  with  the  skewed  distribution, 
the  proportionality  of  grain  weight  and  volume  enables  the 
representation  of  the  volume  distribution  through  the  plot 
of  the  corresponding  weight  distribution. 

The  log-normal  distribution  is  convenient  to  use 
for  the  representation  of  grain  sizes,  since  its  relation 
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Figure  (6) .   Frequency  histogram  of  the  weights  of  372 

aluminum  grains,  separated  from  specimen  C-4- 
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to  the  normal  distribution  simplifies  its  mathematical 
treatment.   The  logarithms  of  features  which  are  dis- 
tributed log-normally  are  themselves  normal,  or  Gaussian, 
in  distribution,  as  illustrated  in  Figs.  (8a)  and  (8b). 

Test  of  Log-Normal  Distribution 

It  was  of  interest  to  this  investigation  to  test 
the  validity  of  the  log-normal  approximation  of  the  grain 
size  distribution.   Despite  the  widespread  use  of  this 
model,  the  actual  degree  to  which  directly  measured 
grain  volume  distributions  compare  with  the  theoretical 
one  has  not  been  measured  previously.   Also,  in  choosing 
a  parameter  for  the  representation  of  the  width  of  the 
distribution,  it  was  desired  to  employ  one  which  was 
closely  related  to  the  actual  form  of  the  distribution. 

The  degree  of  fit  of  the  size  distributions  were 

2 
determined  using  the  chi-square  (x  )  test  (22) .   Most 

of  the  deformed  and  recrystallized  specimens  exhibited 

acceptable  fit  (significant  at  27o-297o)  .   The  three  cast 

specimens,  however,  were  rejected  at  levels  less  than 

0.57o.   The  causes  of  rejection  of  these  specimens  were 

generally  localized  at  one  or  two  size  classes  possessing 

erratic  values.   The  majority  of  the  other  size  classes 

deviated  very  little  from  their  theoretical  values.   The 
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erratic  cells  were  located  at  different  locations  among 
the  different  samples ,  indicating  that  there  was  no 
systematic  difference  between  the  mathematical  and  the 
experimentally  obtained  distributions.   Thus,  the  above 
rejections  seem  to  be  due  more  to  experimental  deviation 
(inhomogeneity)  than  to  the  nature  of  the  grain  size 
distribution  of  the  casting.   Thus,  the  distribution  of 
the  recrystallized  and  cast  specimens  will  be  considered 
as  representable  through  the  log-normal  distribution. 

Modeling  the  grain  size  distribution  as  log-normal 
enables  the  use  of  its  easily  calculable  parameters  for 
representation  of  the  experimentally  determined  distribu- 
tions.  The  standard  deviation  of  the  normal  distribution 
of  the  logarithms  of  the  grain  volumes,  in   a„ ,  is  an 
especially  useful  parameter  for  representing  the  relative 
widths  of  size  distributions.   Distributions  which  are 
proportional  in  form  but  vary  in  scale,  i.e.  have  dif- 
ferent means,  possess  In   o^'s  of  equal  size.   This 
simplifies  the  comparison  of  grain  size  distributions 
among  samples  which  differ  in  average  grain  size  and, 
thus,  possess  different  values  of  the  conventional 
standard  deviation. 

In  this  investigation,  the  distributions  of  grain 
volumes  have  been  analyzed  through  the  distributions  of 


38 


the  grain  weights.   Since  these  distributions  are  pro- 
portional, the  standard  deviations  of  the  normalized 
distributions  of  the  logs  of  the  weights  and  volumes  are 
identical.   Tims,  the  calculated  widths  of  the  weight 
distributions  of  the  samples  analyzed  in  this  study  have 
been  reported,  and  will  be  discussed,  as  in   Oy,    since 
grain  size  distributions  are  most  meaningfully  considered 
in  terms  of  grain  volume. 

Calculation  of  j?.n  o,. 

The  value  of  In   a„  may  be  determined  either 

graphically  or  analytically.   The  slope  of  the  line  of 

data  on  the  log-normal  plot  [Fig.  (7)]  is  inversely 

proportional  to  "n  o^;  the  steeper  the  slope,  the  narrower 

the  size  distribution,  and  vice  versa.   The  value  of 

in   Oy   may  be  calculated  from  the  logarithms  of  the  grain 

weights  at  cumulative  frequencies  of  167c,  and  84%,  on  the 

ordinate,  by  convention  (12). 

£n  (weight)  g^a,  -  £.n  (weight)  ^g., 
m   Oy   =  °—2 — (1) 

This  is  a  convenient  method,  but  is  limited  by  the  ac- 
curacy with  which  the  best-fit  line  is  drawn  on  the  graph. 
It  is  preferable  to  calculate  j?,n  Oy  through  the  basic 
equation  for  the  standard  deviation,  using  the  logs  of  the 
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grain  weights : 


Z  (e,n  W.  -  in  W)' 


1 


1/2 


(2) 


where  £n  W.  is  the  logarithm  of  the  weight  of  the  i 


th 


grain,  ?,n  W  is  the  average  of  the  logs  of  the  weights 
of  all  grains,  and  n  is  the  number  of  grains  in  the 
analysis.   This  method  has  been  employed  in  the  calcula- 
tion of  ?,n  cK.  for  each  specimen  in  this  investigation. 

The  957o  confidence  intervals  for  these  values  , 
calculated  by  the  chi-square  procedure,  are  listed  in 
Table  1.   Also  supplied  is  the  following  weight  and 
volume  distribution  information  for  each  specimen: 


N 

-  the  number  of  grains  analyzed 

^W 

-  the  mean  grain  weight 

^W 

-  the  standard  deviation  of  the  grain  weights 

£n  a^^ 

-  the  mean  of  the  natural  logs  of  the  grain 

weights 

Grain  Growth,  Deformation  and  Solidification  Studies 
Effect  of  grain  growth 

In  Table  1,  the  957o  confidence  intervals  for  £n  Oy   of 


+0.20 
0.16 


and 


samples  T-6-1  and  T-6-2  are  seen  to  be  1.94 

1.89_Q"-|q,  respectively.   These  samples  were  both  deformed 

67o  in  tension  but  were  annealed  for  different  lengths  of 
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time,  producing  a  relatively  large  difference  in  grain 
size.   The  average  grain  weights  are  seen  to  vary  by  a 
factor  of  2.   Although  £n  a„  for  the  sample  annealed  the 
longest  was  slightly  smaller  than  the  other,  there  is  no 
significant  difference  between  them,  each  being  well 
within  the  ranges  of  the  other's  confidence  interval. 
This  is  consistent  with  Okazaki  and  Conrad's  (5)  finding 
of  a  constant  size  distribution  width  throughout  grain 
growth.   Despite  the  similarity  of  these  findings,  the 
values  of  £n  Oy   for  T-6-1  and  T-6-2  are  over  twice  as 
great  as  those  found  by  Okazaki  and  Conrad  (Jin  Oy   -    0.84). 
Effect  of  prior  deformation 

The  confirmation  of  the  absence  of  an  effect  of 
grain  growth  on  the  size  distribution  simplified  the 
following  study.   As  described  in  the  experimental  pro- 
cedure, specimens  of  high  purity  aluminum  were  deformed 
by  different  amounts  before  annealing,  to  test  the  effect 
of  deformation  on  the  grain  size  distribution  after  re- 
crystallization.   Figure  (9)  illustrates  the  comparison 
of  In   Oy   among  the  deformed  specimens.   The  value  of 
In   Oy   is  seen  to  decrease  rapidly  as  the  amount  of  de- 
formation increases  from  37o  to  77o.   Further  deformation 
reduces  Q,n  Oy   gradually.   Although  the  samples  represented 
in  this  figure  came  from  several  different  groups,  each 
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Figure  (9) .   Width  of  the  grain  volume  distributions  of 
the  C  and  T  series  specimens  and  specimen 
80-1  versus  engineering  strain  prior  to  re- 
crystallization  and  grain  growth. 
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group  exhibits  the  same  decrease  of  £n  Oy   with  increased 
deformation . 

The  samples  from  the  tension  (T)  series  can  be  seen 
to  have  wider  size  distributions  than  those  of  the  com- 
pression (C)  series,  at  comparable  deformations.   This 
may  be  related  to  the  fact  that  the  starting  material 
for  the  T  specimens  had  received  less  initial  breakdown 
processing  then  the  C  series,  and  possessed  a  more 
irregular  microstructure  than  the  C  material. 

Sample  80-1,  described  in  Chapter  III,  was  also 
analyzed  and  included  in  this  figure.   It  received  807o 
compressive  deformation  in  liquid  nitrogen  and  was  an- 
nealed for  20  sec.  at  635°C.   Except  for  the  length  of 
anneal  and  the  starting  material  from  which  it  came, 
specimen  80-1  was  prepared  in  a  manner  similar  to  the 
specimens  of  the  C  series.   Sample  80-1  has  a  lower  value 
of  In   Oy  than  any  of  the  other  specimens ,  in  keeping  with 
the  trend  of  decreasing  distribution  width  with  increased 
prior  deformation. 

Figure  (10)  illustrates  the  same  £n  Oy   data  as  shown 
in  Fig.  (9),  plotted  against  true  strain.   Okazaki  and 
Conrad's  data  for  Ti  are  included  here  also.   The  de- 
crease in  £n  o.,  appears  to  be  linear  with  increase  in  true 
strain,  after  the  rapid  initial  drop  at  low  strains. 


Figure  (10) .   Width  of  the  grain  volume  distributions  of 
the  C  and  T  series  specimens ,  and  those  of 
Okazaki  and  Conrad  (5)  versus  true  strain 
prior  to  recrystallization  and  grain  growth 
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Effect  of  solidification  rate 

Figure  (11)  illustrates  the  effect  of  solidification 
rate  on  the  width  of  the  resulting  grain  size  distribu- 
tion.  The  values  of  In   o„  have  been  plotted  versus  the 
time  for  complete  solidification  of  the  respective  Al-107o 
Zn  ingots,  described  in  the  experimental  procedure.   Since 
the  ingot  sizes  varied,  the  time  of  solidification  does 
not  accurately  represent  the  solidification  rate.   The 
time  does  provide  some  measure  of  rate,  however,  and  the 
wide  variation  of  the  average  grain  weights  given  in 
Table  1,  for  these  specimens,  indicates  that  there  was 
a  noticeable  variation  in  freezing  rate. 

In  this  figure,  Jin  a„  is  seen  to  increase  steeply 
and  continuously  as  the  solidification  rate  decreases. 
The  values  of  in   Oy   are  similar  to  those  of  the  grain 
growth  experiments,  ranging  from  0.91  to  2.58.   From  the 
form  of  the  curve  in  this  figure,  it  appears  that  in   Oy 
could  be  decreased  still  farther  by  an  increased  rate  of 
solidification . 

Discussion 
Evolution  of  the  Log-Normal  Distribution 

The  results  of  this  study  raise  the  question  of  why 
grain  size  distributions  which  have  evolved  through  such 


Figure  (11) .   Width  of  the  grain  volume  distributions  of 

the  S  series  specimens  versus  time  for  solidi- 
fication. 
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a  variety  of  processes  should  all  be  representable  through 
the  log-normal  distribution.   Several  mechanisms  by  which 
this  distribution  may  physically  evolve  have  been  de- 
scribed previously  (23-25).   ^/^Jhereas  the  normal  distribu- 
tion may  be  thought  of  as  the  result  of  the  additive 
effects  of  random  events,  the  log-normal  distribution 
results  from  effects  which  are  multiplicative.   These 
types  of  effects  are  common  in  nature  and  in  fields  such 
as  economics  (24),  where  the  potential  of  an  object  for 
growth  or  decrease,  through  some  stimulus,  is  often 
proportional  to  the  immediate  size  of  the  object.   Given 
an  initial  random  distribution  of  sizes,  repetitious 
stimulation  eventually  produces  a  skewed,  log-normal 
distribution . 

More  explicitly,  Kottler  (25)  has  shown  that 
particles  which  grow  by  an  exponential  law,  possess  a 
log-normal  distribution  of  sizes  if  their  nucleation 
times  are  distributed  normally.   If  volume,  V,  is  related 
to  the  time  of  growtli,  t,  by  Eq .  (3), 

V  =  A  e^*^  (3) 

where  A  and  k  are  constants,  then  ij,n  V  is  proportional  to 
t ,  i.e. 

£n  V  =  S,n  A  +  kt  (4) 

As  described  in  the  experimental  results,  a  normal  dis- 
tribution of  in   V  infers  a  lop-normal  distribution  of  V. 
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Constant  increase  in  grain  diameter  with  time,  which 
has  been  observed  during  the  recrystallization  of 
aluminum  (26-27)  ,  may  also  lead  to  a  log-normal  distribu- 
tion of  grain  sizes  if  the  nucleation  times  are  log- 
normal.   Bell-shaped  distributions  of  nucleation  times 
during  recrystallization  have  been  observed  by  Anderson 
and  Mehl  (26) .   This  behavior  should  not  be  uncommon  among 
processes  such  as  solidification  and  recrystallization, 
in  which  the  volume  fraction  of  untransf ormed  material,  in 
which  nuclei  may  form,  decreases  continuously  with  time. 

Variation  of  the  Distribution  Width 

From  the  above  arguments ,  the  observed  variability 
of  the  width  of  the  size  distribution  may  be  explained 
by  variation  in  the  proportional  width  of  the  distribu- 
tion of  nucleation  times.   In  this  study,  the  experimental 
conditions  which  increased  the  rates  of  solidification  and 
of  recrystallization  also  tended  to  decrease  the  width  of 
the  resulting  size  distribution.   If  the  combined  result 
of  increased  rates  of  nucleation  and  growth  produced 
distributions  of  nucleation  times  with  narrower  standard 
deviations,  relative  to  their  means,  then  the  widths  of 
the  resulting  grain  size  distributions  would  also  be  narrower 

Another  reasonable  explanation  for  the  variation  in 
£n  Oy  is  the  variation  of  the  degree  of  randomness  in 
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position  of  the  recrystallization  or  solidification 
nuclei.   Recrystallization  has  been  observed  to  occur  by 
several  different  modes,  which  are  typically  heterogeneous 
at  low  deformations.   These  include  strain-induced 
boundary  migration  (28) ,  site-saturated  grain  edge 
nucleation  (27) ,  and  subgrain  growth  (29) .   The  degree  of 
activity  of  the  different  modes  are  generally  related  to 
the  degree  of  deformation  and  the  recrystallization  tem- 
perature (30) .   It  is  not  uncommon  for  these  mechanisms 
to  result  in  clustered  rather  than  random  nucleation. 
The  impingement  resulting  from  the  growth  of  clustered 
nuclei  restricts  the  size  of  some  grains  while  allowing 
others  to  grow  unhindered  to  larger  sizes.   It  is  quite 
probable  that  such  behavior  could  produce  a  broader  final 
size  distribution  than  would  occur  after  random  nuclea- 
tion.  Solidification  also  often  involves  heterogeneous 
nucleation,  which  could  produce  clustering  similar  to  that 
in  recrystallization. 

The  dislocation  structure  of  deformed  aluminum  has 
been  observed  to  change  from  random  tangles  ,  at  '^^57o 
deformation,  to  a  cellular  subgrain  structure,  at  deforma- 
tions of  107o  and  greater  (31)  .   As  the  deformation  in- 
creases, the  misorientation  between  neighboring  subgrains , 
and  their  potential  for  becoming  nuclei  increases . 
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Greater  numbers  of  other  sites  also  become  more  capable 
of  being  active.   As  the  number  of  nuclei  within  a  given 
volume  increases,  they  necessarily  become  closer  together. 
The  distance  separating  any  two  active  nuclei,  however,  is 
limited  by  the  scale  of  the  substructure  of  the  material. 
A  depletion  of  the  local  driving  force  for  nucleation  may 
also  inhibit  the  formation  of  nuclei  in  the  immediate 
vicinity  of  those  which  are  already  present. 

Similarly,  in  solidification,  the  number  of  nuclei 
which  form  within  a  given  volume  of  liquid  increases  with 
the  degree  of  undercooling.   Here  again,  there  is  a 
critical  size  below  which  a  solidifying  grain  will  not 
form  without  remelting.   This  effectively  produces  a 
limit  at  the  small-size  end  of  the  resulting  distribu- 
tions.  Rhines  (32)  has  hypothesized  that  such  ordering 
of  the  nuclei,  the  opposite  extreme  from  clustering, 
should  tend  to  decrease  the  width  of  the  final  grain  size 
distribution . 

Model  of  Ordering  of  Nuclei 

To  enable  a  study  of  the  effect  of  ordering,  a  simple 
model  of  nucleation  and  growth,  in  which  the  positions  of 
the  nuclei  could  be  progressively  randomized  or  ordered, 
has  been  employed  in  the  present  research.   The 
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two-dimensional  Meijering  cell  model  (14)  is  based  upon 
instantaneous  nucleation  on  a  plane,  followed  by  the 
growth  of  all  cell  boundaries  at  equal,  constant  rates, 
until  impingement.   The  resulting  microstructure  contains 
only  straight  cell  boundaries. 

Completely  ordered  nucleation  was  modeled  by  placing 
nuclei  on  all  of  the  points  of  line  intersection  on  a 
piece  of  square-grid  graph  paper.   The  resulting  cells 
were  constructed  by  drawing  the  perpendicular  bisectors 
of  the  imaginary  lines  connecting  each  pair  of  nearest- 
neighbor  nuclei.   The  resulting  structure,  shown  in 
Fig.  (12a),  consisted  totally  of  equisized,  square  cells, 
with  central  nuclei. 

Other  structures  [Figs.  (12b)- (12d)]  with  progres- 
sively greater  degrees  of  randomness  were  constructed 
by  decreasing  the  probability  of  any  given  grid  inter- 
section containing  a  nucleus.   Using  dice  and  tables 
of  random  numbers,  arrays  of  nuclei  were  generated  on 
the  square-grid  paper  with  probabilities,  P,  of  1, 
0.975,  0.95,  0.888,  0.75,  0.5,  0.333,  0.2,  0.05  and 
0.01.   The  cell  boundaries  were  constructed  and  the 
area  of  each  cell,  remote  from  any  effects  of  the  boundary 
of  the  array,  was  determined  from  the  number  of  squares  on 
the  graph  paper  which  were  included  within  it. 


Figure  (12) .   Effect  of  ordered  nucleation  on  the  resulting 
cell  structure  of  the  two-dimensional 
Meijering  cell  model.   (a)  Complete  ordering- 
the  nuclei  are  as  close  together  as  possible 
and  the  cells  are  unisized.   (b)  Lower  pro- 
bability of  nucleation  allows  the  nuclei  to 
be  farther  apart,  allowing  greater  variation 
in  cell  size.   (c)  Nuclei  are  still  farther 
apart,  the  presence  of  the  limiting  nuclei 
distance  is  still  apparent  in  the  cell  size 
distribution.   (d)  Low  probability  of  nuclea- 
tion-the  average  distance  between  nuclei  is 
great  enough  to  allow  them  to  be  positioned 
at  random. 
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The  mean  (u)  and  standard  deviation  (o)  of  the 

individual  size  distributions  were  then  calculated.   As 

in  real  nucleation  and  growth  processes,  y  and  a   became 

smaller  as  the  density  of  nuclei  increased.   To  facilitate 

comparison  among  the  distributions ,  they  were  normalized 

with  respect  to  average  cell  size  through  the  calculation 

of  their  coefficient  of  variation  (C.V.  =  o/y).   The 

values  of  C.V.  for  the  distributions  of  various  values 

of  P  are  listed  below. 

Number  of  cells  analyzed  P  (probability)    C  .  V 

1 

192  0.972 

187  0.950 

173  0.888 

201  0.750 

126  0.500 

147  0.333 

166  0.200 

64  0.050 

129  0.010 

Figure  (13)  illustrates  the  monotonic  increase  in 

C.V.  as  P  decreases.   When  P=1,C.V.  =0.   As  the 

nuclei  become  farther  apart,  the  impingement  of  the  cells 

becomes  more  random,  increasing  the  variation  of  cell 

sizes  present,  and  increasing  C.V.   At  P  =  0.05,  the 

theoretical  (15)  value  of  C.V.  =0.529,  for  random 
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Figure  (13) .  Probability  of  nucleation  at  a  given  point 
versus  the  coefficient  of  variation  of  the 
two-dimensional  cell  size  distribution. 


59 


nucleation,  is  attained.   In  this  structure,  only  5%   of 
the  grid  points  possess  a  nucleus,  and  the  distribution 
of  nuclei  is  as  random  as  if  the  grid  did  not  exist.   It 
is  of  interest  that  such  a  high  degree  of  separation  of 
the  nuclei,  in  relation  to  the  scale  of  the  ordering 
features,  is  required  to  remove  all  effects  of  ordering 
from  the  final  size  distribution.   A  similar  model  of 
ordering,  constructed  in  three  dimensions,  would  un- 
doubtedly indicate  a  similar  decrease  in  C.V.  with 
ordering.   These  results  lend  support  to  the  hypothesis 
that  ordering  of  the  nuclei  within  a  solidifying  or 
recrystallizing  metal  decreases  the  width  of  the 
resulting  size  distribution. 

Gilbert  (15)  has  also  calculated  the  theoretical 
means  and  variances  of  the  three-dimensional  Johnson- 
Mehl  (J-M)  and  cell  models.   From  these,  the  following 
values  of  C.V  have  been  obtained. 

Model 

J-M   CeTl 


C.V.  1.07   0.42 

For  comparison,  the  values  of  C.V.  have  been  calculated 

for  several  of  the  present  samples  which  exhibited 

extremely  wide  or  narrow  size  distributions. 

Specimen 

S-1    S-3    C^T" 


C.V.  1.19   2.14   1.37 
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Comparison  of  the  theoretical  and  experimentally 
obtained  values  of  C.V.  indicates  that  the  size  distribu- 
tions generated  by  the  random  cell  model  are  excessively 
narrow.   In  Fig.  (11),  however,  it  appears  that  the  cast 
distribution  may  become  still  narrower  with  increased 
solidification  rate.   The  value  (15)  of  C.V.  =  1.07  for 
the  J-M  model  (15,33)  (constant  rates  of  nucelation  and 
growth)  is  more  realistic,  although  it  is  also  lower  than 
the  experimental  values.   These  models  may  be  too  simple 
to  describe  complex  nucleation  behavior. 

It  appears  that  the  effects  of  ordering  and 
clustering  of  nuclei,  controlled  here  through  the  amount 
of  deformation  prior  to  solidification  and  recrystalliza- 
tion,  may  be  the  cause  of  the  variation  in  distribution 
width,  observed  in  this  study. 

Distribution  Behavior  During  Grain  Growth 

The  invariant  behavior  of  £n  o^  during  grain  growth 
is  illustrated  in  Fig.  (14),  through  the  data  of  Okazaki 
and  Conrad  (5)  and  samples  T-6-1  and  T-6-2.   The  constancy 
of  the  slopes  of  the  lines  within  each  set  of  samples 
reflects  the  similarity  in  the  values  of  In    a„ ,  shown  in 
Table  1.   This  type  of  behavior  implies  that  the  normal 
distributions  of  the  logs  of  the  grain  weights  retain 
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their  form  during  grain  growth,  with  only  their  mean 
value  being  displaced  to  larger  values.   The  skew  dis- 
tributions of  the  actual  grain  weights  do  become  more 
spread  as  growth  progresses.   These  two  representations 
of  the  process  are  shown  schematically  in  Figs.  (15a)  and 
(15b). 

The  variability  in  In   o„,  observed  within  this  study 
is  in  conflict  with  the  prediction  of  Hillert  (17)  ,  whose 
model  of  grain  growth  as  a  coarsening  process  predicts  the 
asymptotic  approach  of  the  grain  size  distribution 
towards  a  constant  final  form.   Figure  (16)  illustrates 
the  comparison  of  the  data  of  sample  C-4  to  Hillert 's 
theoretical  distribution  of  volumes.   Even  though  this 
specimen  has  been  annealed  extensively,  and  also  possesses 
a    relatively    narrow  grain  size  distribution,  its 
form  is  wider  and  more  skewed  than  that  predicted  by 
Hillert. 

One  further  implication  of  the  log-normal  distribu- 
tion of  grain  volumes  is  that  the  distribution  of 
volume  fractions  occupied  by  the  various  size  classes 
is  also  log-normal,  with  the  same  logarithmic  standard 
deviation  as  the  size  distribution  (34) .   This  is  il- 
lustrated in  Fig.  (17),  using  the  data  of  Hull  (6).   The 
line  on  the  left  represents  the  volumes  of  the  separated 
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Figure  (16) .   Comparison  of  the  grain  size  distribution 
determined  experimentally  after  20.5  hours 
of  grain  growth  and  the  theoretical  distri- 
bution predicted  by  Hillert's  (17)  model. 
The  grain  radii,  R,  have  been  calculated 
from  the  weight  data.   R^;,;  =  9/8  R,  where  R 
is  the  average  grain  radius . 


C 

C/) 

•^^ 

C 

cu 

•H 

u 

ci3 

br, 

M 

W)t3 

0) 

CO 

N 

w 

•H 

m 

cn 

!-j 

1 

C/5 

:3 

ca 

0 

Vj 

Vj 

O 

cfl 

M-( 

> 

T3 

(1) 

0)  x: 

ij 

u 

CT) 

^  M-l 

m 

0 

u 

c/l 

cfl 

C 

O 

0 

cfl 

4-1 

4J 

CJ 

tli 

CTl 

13 

5-1 

QJ 

Pi 

0) 

:3 

H 

^ 

13 

O  .-H 

> 

0 
> 

c 

•rH 

(1) 

CD  41: 

!^  H 

bC 

cu 

>^ 

4:; 

^-v 

I— ( 

4J  VX)  1— 1 

^^ 

CD 

0 

^ 

a 

r-l 

0 

4-J 

ri 

c 

0    X 

1 

^ 

W) 

O: 

>. 

0 

Xi 

,— 1 

^ 

cn  x) 

u 

p 

0) 

0 

^ 

4-)  r-l 

0 

CD 

a 

c 

S-i 

1 

CD 

0 

bO  d. 

CO 

0 

CU  1—1 

h4 

CO 

CD 

U 

bO 
•H 


68 


CUMULATIVE  VOLUME  FRACTION,  2  V 


CD 

CD 

O 
cn 

in 
1^ 

O 

^     2 


^ 


7o)'(A)^Z'A0N3n03dJ   3AllViniAin3 


O 
o 


69 


grains,  calculated  from  their  sieve  dimensions.   The  value 
of  In   o„,  calculated  graphically  from  this  line,  is  1.12. 
The  data  to  the  right  represent  the  calculated  cumulative 
volume  fraction  of  the  specimen  occupied  by  grains  smaller 
than  or  equal  to  the  various  grain  sizes  given  on  the 
abscissa.   The  value  of  Jin  a„  for  these  data  is  also 
%1.12. 

Comparison  of  the  two  lines  indicate  that  50%  of  the 
specimen  was  occupied  by  the  largest  157o  of  the  grains, 
while  the  smaller  507o  of  the  grains  occupy  only  157o  of  the 
total  volume.   Given  a  broader  size  distribution,  an  even 
smaller  percentage  of  grains  would  occupy  the  major  part 
of  the  specimen  volume.   Thus,  properties  which  are 
related  to  grain  volume  will  be  strongly  influenced  by 
only  the  few  largest  grains  in  a  material.   In  this  case, 
the  behavior  of  the  material  may  be  unpredictable  from 
the  value  of  the  mean  grain  intercept  since  it  is  only 
slightly  influenced  by  the  overall  size  distribution. 


CHAPTER  II 
DISTRIBUTION  OF  TOPOLOGICAL  FEATURES 


Introduction 

The  distributions  of  the  topological  features  of  a 
polycrystalline  aggregate  are  of  fundamental  microstruc- 
tural  interest.   This  chapter  will  investigate  the  fre- 
quency distributions  of  the  number  of  faces  per  grain  (Fp) 
and  edges  per  grain  face  (Ep) ,  which  theoretically  are 
related  to  the  grain  size  distribution.   If  this 
relationship  does  exist,  the  results  of  Chapter  I  would 
further  imply  variability  of  the  topological  state  with 
processing.   The  distributions  of  Fp  and  E^  are  also 
fundamentally  related  to  the  grain  growth  process.   Since 
grain  annihilation  requires  the  presence  of  tetrahedral 
grains  and  triangular  faces ,  their  relative  frequencies 
resulting  from  the  overall  forms  of  the  distributions, 
should  affect  the  rate  of  grain  growth. 

The  topological  rules  obeyed  by  soap  films ,  grain 
boundaries  and  other  surface  tension  controlled  networks 
were  first  put  forth  in  1866  by  Plateau  (35) .   Twenty-one 
years  later,  Thomson  (36)  determined  that  the  one  body 
capable  of  filling  space  through  its  own  repetition,  while 
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meeting  these  requirements,  was  a  14-sided  figure  which 
he  called  the  "minimal  tetrakaidecahedron . "   This  figure, 
averaging  5y  edges  per  face,  has  ever  since  been  con- 
sidered an  average  or  model  grain  shape.   All  topological 
studies  of  space-filling  cells  performed  to  date  have, 
in  fact,  yielded  average  values  of  Fp  and  E-p  very  close 
to  14  and  5j,  although  they  include  individual  grains  and 
faces  which  deviate  widely  from  these  values . 

In  1919,  Desch  (19)  was  the  first  to  study  the 
topological  nature  of  metal  grains.   Using  mercury  to 
separate  the  grains  of  a  B-brass  casting,  he  determined 
the  average  value  of  Fp  for  30  grains  to  be  14.5  and 
counted  the  numbers  of  edges  of  their  faces.   Finding 
5-edged  faces  to  be  the  most  frequent,  he  suggested  that 
the  shapes  of  grains  were  generally  more  similar  to 
pentagonal  dodecahedra  than  to  Thomson's  (36)  figure. 
On  analyzing  soap  and  gelatin  foam  structures,  he  fotmd 
close  similarities  and  concluded  that  the  shapes  of  metal 
grains  were  the  result  of  surface  tension. 

In  1923,  Lewis  (37)  began  an  extensive  series  of 
studies  of  topological  shapes  ,  primarily  of  plant  and 
animal  tissue  cells.   Joined  by  others  (38-40),  these 
investigations  continued  for  30  years.   Of  these  studies, 
only  those  few  involving  aggregates  of  soap  bubbles  were 
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strictly  comparable  to  surface  tension  controlled  grain 
boundaries,  although  the  results  from  the  other  studies 
were  generally  similar. 

A  principal  interest  of  these  and  many  later  studies 
was  the  determination  of  a  cell  form  possessing  the 
average  topological  properties  of  the  aggregate.   Distri- 
butions of  E   were  typically  found  to  be  normal  in  shape 
with  the  maximum  at  5.   Tetrakaidecahedral  cells,  pos- 
sessing 6  quadrilateral  and  8  hexagonal  faces,  were  found 
only  rarely.   These  results  again  tended  to  support  the 
pentagonal  dodecahedron  as  the  archetype  cell. 
Williams  (41)  later  developed  a  variation  of  Thomson's 
cell  which  possessed  a  predominance  of  pentagonal  faces, 
the  B-tetrakaidecahedron ,  which  he  proposed  as  the  ideal 
space-filling  cell. 

The  studies  by  the  biological  group  continued  to 
the  time  of  C.  S.  Smith's  (8)  reintroduction  of  topology 
to  microstructural  consideration.   He  realized  that  the 
grain  boundary  network  was  governed  by  the  rules  of 
Euler  (42)  and  Plateau  (35),  and  that  as  a  result,  grain 
growth  was  restricted  to  a  certain  sequence  of  events. 
He  also  pointed  out  the  relation  of  the  relative  size  of 
neighboring  grains  to  their  topological  complexity,  face 
curvature,  and  potential  for  growth  or  shrinkage,  and 
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suggested  that  a  fixed  distribution  of  sizes  and  topolo- 
gical shapes  might  evolve  during  grain  growth. 

Williams  and  Smith  (7)  employed  stereoscopic 
microradiography  to  visualize  the  grains  of  an  Al-Sn 
alloy  in  situ.   They  observed  92  grains  possessing  from 
6  to  23  faces,  averaging  12.48.   The  grain  faces  ranged 
in  complexity  from  2  to  9  edges,  averaging  5.02.   Their 
distribution  of  Ep  was  very  similar  to  those  previously 
found,  with  a  mode  of  5.   Their  distributional  results 
may  not  have  been  truly  representative  of  the  topological 
state  of  a  network  experiencing  grain  growth,  since  no 
tetrahedral  grains  were  found.   This  may  have  been  due 
to  the  loss  of  small  grains  in  the  formation  of  a  second 
phase  along  the  grain  edges. 

In  1953,  Meijering  (14)  calculated  the  average 
numbers  of  faces,  edges  and  corners  of  cells  formed  by 
two  different  theoretical  models  of  nucleation  and  growth. 
His  "cell  model''— which  assumed  instantaneous  nucleation 
and  a  constant  growth  rate— predicted  an  average  F^  of 
15.54,  more  complex  than  that  usually  found  experimental- 
ly.  The  more  realistic  Johnson-Mehl  model  was  calculated 
to  have  an  average  F„  of  >13.28.   Through  another 
statistical  approach,  Coxeter  (43)  calculated  a  theoreti- 
cal average  Fp  of  13.56  for  compressed  equisized  spheres. 
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Hull  (6)  observed  over  900  grains  from  a  disin- 
tegrated p,-brass  casting.   His  observation  that  the 
average  number  of  faces  per  grain  and  edges  per  face  on 
individual  grains  increased  with  the  size  of  the  grain 
was  similar  to  that  found  by  other  investigators. 

The  topological  data  presented  by  Okazaki  and 
Conrad  (5)  in  their  previously  mentioned  serial  section 
investigation  contain  a  predominance  of  complex  shapes, 
indicating  that  in  sectioning  they  may  have  overlooked 
some  smaller,  more  simple  grains. 

The  frequencies  of  the  numbers  of  edges  on  two- 
dimensional  grain  sections  have  been  measured  in  numerous 
studies  (4).   This  information  is,  however,  more  related 
to  the  distribution  of  grain  sizes  than  the  three- 
dimensional  topological  properties  affecting  grain  growth. 

Steele  (10,44)  derived  equations  relating  the  rates 
of  occurrence  of  various  events ,  required  for  grain 
growth,  to  the  average  topological  properties.   He  showed 
that  under  certain  conditions  it  is  possible  for  the 
average  topological  grain  shape  to  remain  constant 
throughout  grain  growth.   Steele  and  Summers  (45)  later 
obtained  a  distribution  of  Ep  for  recrystallized 
aluminum  from  observation  of  grains  exposed  after  gallium 
penetration  and  fracture. 
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Craig  (18) ,  Rousse  (46) ,  and  Steele  (47)  developed 
serial  section  techniques  for  the  experimental  measurement 
of  the  average  values  of  F^ ,  E^ ,  and  corners  per  grain  (C„) 
In  1974,  Rhines  and  Craig  (9)  demonstrated  for  the  first 
time,  the  behavior  of  these  properties  throughout 
grain  growth.   The  values  of  these  properties  were  seen 
to  increase  rapidly  with  initial  growth  to  very  near  14, 
36  and  24,  respectively,  per  separate  grain.   They  then 
remained  essentially  constant.   This  implied  that  the 
average  topological  shape  remained  constant  throughout 
a  major  part  of  the  growth  process,  and  gave  significance 
to  Steele's  (10,44)  equations.   They  also  presented 
histograms  of  the  distribution  of  F   indicating  that  it 
also  remained  constant  throughout  growth. 

Rhines  and  Craig  (9)  described  the  grain  growth 
process  in  terms  of  the  fundamental  event  of  the  dis- 
appearance of  triangular  faces.   This  loss  removes  edges 
from  other  faces,  reducing  their  complexity  until  they 
become  triangular  and  disappear,  advancing  the  grain  by 
one  step  in  its  progression  towards  annihilation.   Joint 
loss  of  faces  from  large  and  small  grains  maintains  the 
steady  state  distribution  of  F„  and,  presumably,  E„. 

Although  there  are  sound  theoretical  relationships 
between  the  topological  state,  grain  growth,  and  the  grain 
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size  distribution,  there  is  very  little  related  experi- 
mental data  by  which  they  may  be  tested.   This  chapter 
will  further  explore  these  relationships  through  the 
measurement  of  the  topological  distributions  of  the 
specimens  analyzed  in  Chapter  I.   Using  the  same  grain 
separation  technique  as  outlined  there,  the  numbers  of 
faces  and  edges  have  been  obtained  by  direct  microscopic 
observation.   The  resulting  distributions  have  then  been 
compared  with  the  corresponding  grain  size  distributions 
and  histories  of  deformation  and  grain  growth. 

Experimental  Procedure 
Material 

The  C  series  (compressed)  and  T  series  (tensile) 
specimens  from  the  size  distribution  studies  of  Chapter  I 
were  employed  in  this  investigation  of  the  distribution 
of  topological  features .   This  enabled  the  investigation 
of  the  topological  nature  of  metals  over  a  range  of 
conditions  of  deformation,  recrystallization ,  and  grain 
growth.   The  cast  specimens  (S  series)  were  not  examined 
in  this  study  since  the  facets  on  their  grains  could  not 
be  easily  distinguished. 

Observation  of  Topological  Features 

Uliole  grains  ,  separated  with  gallium  as  described  in 
Chapter  I,  were  examined  individually  to  determine  their 
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numbers  of  faces  and  the  numbers  of  edges  of  their  faces. 

As  before,  the  grains  were  initially  removed  from  the 

samples  in  clusters,  which  were  then  further  separated 

and  cleaned. 

Observing  the  grains  through  a  low  power  binocular 

microscope,  the  entire  surface  of  each  was  mapped  through 

the  drawing  of  its  Schlegel  diagram  (43) .   As  illustrated 

in  Fig.  (18),  for  grains  of  different  complexities,  this 

is  a  simple  sketch  which  enables  one  to  visualize  the 

three-dimensional  arrangement  of  faces  and  edges,  on  a 

two-dimensional  graph.   The  outer,  surrounding  line  on 

the  diagram  represents  the  face  on  the  backside  of  the 

grain.   The  total  number  of  faces  on  each  grain,  and  the 

numbers  of  edges  on  each  face,  were  then  recorded. 

Analysis  of  these  data  yielded  information  about  the 

distributions  of  E,^  and  F^ . 
F      G 

Approximately  100  grains  were  separated  from  each 
of  the  T  series  specimens,  allowing  the  investigation  of 
both  their  Ep  and  F„  distributions.   Only  10  to  20 
grains  were  analyzed  from  each  of  the  C  series  specimens . 
This  provided  adequate  numbers  of  faces  for  the  study  of 
the  Ex:,  distribution,  but  the  F„  distribution  was  not 
determined  for  these  samples. 
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Experimental  Results 

The  E-p  and  F„  data  from  the  samples  of  the  C  and  T 
series,  analyzed  in  this  investigation,  are  given  in 
Appendices  B  and  C,  respectively.   Faces  were 
observed  with  numbers  of  edges  ranging  from  2  to  26 .   The 
portion  of  faces  with  more  than  8  edges  was  generally 
less  than  5?^  of  the  total  for  any  sample.   The  number 
of  faces  per  grain  was  found  to  vary  from  3  to  59,  with 
only  57o  of  the  grains  having  more  than  30  faces. 

The  forms  of  the  frequency  distributions  of  E^  and 
F„  were  typified  by  the  histograms  of  Figs.  (19)  and  (20), 
representing  tlie  data  for  specimen  T-6-1.   These,  like  the 
size  distributions,  are  simple  unimodal  distributions, 
skewed  towards  the  larger  values .   As  can  be  seen  from 
the  data  in  Appendix  B,  the  modes  of  the  Ep  distribu- 
tions for  the  various  samples  were  almost  always  at  4, 
rather  than  the  normally  observed  (8)  value  of  5.   The 
difference  in  the  percentage  of  4-  and  5-edged  faces 
was,  however,  usually  small. 

Figures  (21)  and  (22)  illustrate  log-normal  plots  of 
the  Ep  and  F„  data  from  sample  T-6-1.   The  strong 
linearity  of  these  plots  indicate  that  they,  like  the 

size  distributions,  tend  to  approximate  the  log-normal 

2 
distribution.   The  "x   test  of  the  degree  of  fit"  has 
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Figure  (21).   Log-normal  plot  of  the  numbers  of  edges  per 
grain  face,  specimen  T-6-1. 
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Figure  (22) .   Log-normal  plot  of  the  numbers  of  faces  per 
grain,  specimen  T-6-1. 


confirmed  this  comparison  at  significance  levels  as  high 


as  607o  for  the  F„  distributions  and  >907o  for  the  E„ 
G  F 

distributions.   This  representation  of  the  topological 
distributions  through  the  log-normal  distribution  has  not 
been  done  previously. 

One  benefit  of  this  consideration  is  the  representa- 
tion of  the  widths  of  these  distributions  through  the 
standard  deviation  of  the  normalized  distribution  of  the 
logarithms  of  the  values  of  E„  and  F„ .   These  parameters 
will  be  referred  to  as  9xi    o^  and  in    o^ ,    respectively. 
The  usefulness  of  £n  a  for  the  comparison  of  distributions 
has  been  demonstrated  in  Chapter  I.   The  values  of  in    o-p 
and  .?-n  o  may  be  obtained  through  Eqs .  (1)  or  (2),  using 
values  of  E^  and  Fp ,  rather  than  grain  weights.   Tables  2 
and  3  list  the  calculated  values  of  these  and  other 
parameters  of  the  Ep  and  Fp  distributions. 

The  values  of  Zn    a„  and  K-n  o„ ,  for  the  various 
E         F ' 

samples,  were  calculated  from  Eq .  (2),  and  their  957o 

2 
confidence  intervals  were  obtained  using  the  x  method,  as 

was  done  in  Chapter  I.   Other  parameters  included  in  the 

tables  are : 


N 

-  The  numbers  of  grains  or  faces 
each  specimen 

observed  for 

^E,F 

-  the  mean  value  of  E^^  or  F^ 
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E.F 


the  standard  deviation  of  the  skewed 


distribution  of  E„  or  F„ 
F     G 


Pn 


Up  p  -  the  mean  of  the  natural  logarithms  of  the 

individual  values  of  E„  and  F„ 

F      G 


The  957o  confidence  intervals  for  these  parameters  are 
also  provided. 

Figure  (23)  illustrates  the  relationship  of  £n  Op 
to  the  amount  of  deformation  received  before  recrystal- 
lization  and  grain  growth.   The  relative  width  of  the  Ep 
distribution  decreases  rapidly  as  the  tensile  or  compres- 
sive deformation  increases  from  3%  to  ^^'6%.      The  rate  of 
decrease  of  In   Op  becomes  less  with  increasing  deforma- 
tion.  This  is  the  same  behavior  that  was  seen  to  be 
exhibited  by  the  grain  size  distribution  in  the  investi- 
gations of  Chapter  1.   As  with  the  size  distributions, 
the  width  of  the  Ep  distribution  is  greater  for  the 
T  series  specimens  than  for  those  of  the  C  series,  at 
comparable  deformations. 

The  values,  of  In   o„,    the  width  of  the  F„  distribu- 
tion, given  in  Table  3,  also  exhibit  a  general  decrease 
in  value  with  increased  prior  deformation.   The  analysis 
of  the  behavior  of  2,n  Op  is  restricted  due  to  the  lack  of 
extensive  data  pertaining  to  large  deformations. 
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Figure  (23) .   Width  of  the  distribution  of  edges  per  grain 
face  versus  engineering  strain  prior  to  re- 
crystallization  and  grain  growth. 
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An  apparent  relationship  among  Hn  a„,  in   o        and 
£n  Oj^.  is  illustrated  in  Fig.  (24).   The  values  of 
£n  Q^   and  £n  o^  are  both  seen  to  increase  linearly  with 
£n  ti„.   Matzke's  (39)  data,  for  an  array  of  equisized 
soap  bubbles,  and  the  datum  of  VJilliams  and  Smith  (7), 
for  metal  grains ,  have  been  included  to  extend  the  range 
of  observation.   Their  findings  support  the  trends  ex- 
hibited by  the  present  data  very  well.   There  is  thus 
strong  evidence  supporting  the  hypothesis  that  the  widths 
of  the  topological  distributions  are  proportionally 
related  to  the  width  of  the  grain  size  distribution. 

An  interesting,  though  slight,  deviation  is  exhibited 
by  samples  T-6-1  and  T-6-2.   Although  ?,n  o„  remained 
constant  over  a  period  of  grain  growth  in  these  specimens , 
£n  Op  and  In   Oy   decreased  noticeably  [see  also  Fig.  (23)]. 
This  may  be  due  to  adjustment  of  the  topological  state  of 
the  material  during  early  grain  growth,  with  an  increase 
in  ijp  and  ]j„    (see  Tables  2  and  3)  as  observed  by  Rhines 
and  Craig  (9) . 

The  average  values  (y)  of  £„  and  F„ ,  given  in 
Tables  2  and  3,  are  slightly  less  than  the  theoretical 
ones  of  5 J   and  14,  for  the  tetrakaidecahedron .   They  are 
similar  to  those  which  have  been  calculated  theoretically 
and  measured  experimentally  for  space-filling  cells  by 
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Figure  (24) .  The  widths  of  the  distributions  of  faces  per 
grain  and  edges  per  face  versus  the  width  of 
the  grain  volume  distribution. 
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other  investigators  (7,9,19,45,46).   The  degree  of  experi- 
mental uncertainty  in  their  values,  however,  presents 
the  observation  of  their  relation  to  iin  Oy,    which  exists 
theoretically.   The  values  of  Op  and   Op  do  decrease  with 

increasing  deformation,  similar  to  £n  Ot-  and  Jin  Or^. 

E         F 

Also  of  interest,  in  relation  to  the  topological 
model  of  grain  growth  (8-10)  ,  were  the  proportions  of 
3-edged  faces  among  the  various  samples.   These  fea- 
tures are  required  for  grain  growth  to  occur,  and  their 
frequency  should  thus  be  related  to  the  potential  rate 
of  grain  growth  of  a  material.   Figure  (25)  illustrates 
a  10-fold  decrease  in  the  presence  of  these  faces,  from 
217o  to  27a,    as  the  amount  of  deformation  prior  to  re- 
crystallization  increased  from  37o  to  30%.   These  data  are 
listed  in  Table  4.   The  proportions  of  4-faced  grains, 
also  required  for  grain  growth,  are  seen  in  this  table 
to  vary  noticeably  among  the  specimens . 

Figures  (26)  and  (27)  illustrate  the  relationships 
between  the  frequencies  of  these  features  and  the  widths 
of  their  respective  distributions.   The  data  from  the 
present  samples  and  that  of  other  investigators  (7,19,38, 
39,45)  exhibit  a  strong  correlation  between  the  fractions 
of  3-edged  faces  and  ^n  Op ,  and  also  between  the  fractions 
of  4-faced  grains  and  In   Op.   Marvin's  (38)  Ep  datum,  for 
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Table  4 
Relative  Frequencies  of  3-Edged  Faces  and  4-Faced  Grains 

Sample    Percentage  of  faces  with    Percentage  of  grains 
3  or  fewer  edges with  4  or  fewer  faces 


C-1 

15.4 

(14.7-0. 7)>' 

C-2 

8.7 

C-3 

6.6 

C-4 

2.3 

T-3 

20.1 

(17.3-2.8) 

T-6-1 

21.1 

(17.9-3.2) 

T-6-2 

14.7 

(14.0-0.6) 

8.5  (5.3-3.2)** 
15.7  (9.6-6.1) 
4.2 


The  percentages  of  faces  with  3  edges  and  2  edges,  re- 
spectively, are  given  within  the  parentheses;  i.e. 
(3E-2E) . 

The  percentages  of  grains  with  4  faces  and  3  faces,  re- 
spectively, are  given  within  the  parentheses,  i.e. 
(4F-3F) . 
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Figure  (25) .   Porcentage  of  grain  faces  with  3  or  fewer 

edges  versus  engineering  strain  prior  to  re- 
crystallization  and  grain  growth. 
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Figure  (26) .   Percentage  of  grain  faces  with  3  or  fewer 
edges  versus  the  width  of  the  distribution 
of  edges  per  face. 
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P^igure  (27)  .   Percentage  of  grains  with  4  or  fewer  faces 
versus  the  width  of  the  distribution  of 
faces  per  grain. 
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compressed,  equisized  lead  shot,  is  seen  to  correlate 
well  with  the  grain  data  in  Fig.  (26).   Matzke's  (39) 
results  from  observations  of  equisized  soap  bubbles  are 
also  included  in  these  figures. 

Discussion 
Intuitively,  the  grain  size  distribution  and  the 
distributions  of  E^   and  Fp  should  be  related.   The  very- 
presence  of  facets  of  various  sizes  (and  numbers  of 
edges)  on  a  single  grain  is  the  result  of  its  contact 
with  neighboring  grains  of  various  sizes.   The  fact  that 
some  grains  have  more  facets  than  other  grains  from  the 
same  aggregate  is  simply  due  to  the  difference  in  their 
sizes  and  surface  areas.   It  follows  logically  that  narrow 

or  broad  distributions  of  E^.  and  F^  should  result  from 

F       G 

similar  types  of  grain  size  distributions.   As  a  cor- 
rollary,  the  distribution  of  the  radii  of  curvature  of 
individual  grain  faces  should  also  be  proportional  to  the 
above  distributions ,  since  small  faces  are  generally  more 
sharply  curved  than  larger  ones.   The  data  shown  in 
Fig.  (24)  confirms  the  intuitive  relation  between  the 
topological  and  size  distributions  of  cells  in  space- 
filling, surface  tension  controlled  networks.   Although 
the  topological  properties  of  the  cast  specimens  were 
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not  investigated,  there  is  no  reason  to  believe  that  they 
should  not  be  related  to  the  properties  of  their  size 
distributions  as  well. 

The  relation  between  the  F„  and  grain  size  distribu- 
tions may  be  seen  from  still  another  viewpoint,  through 
which  the  log-normality  of  the  Fp  distribution  may  also 
be  explained.   Figure  (28)  illustrates  a  simple  power 
law  relation  between  the  volume  (shown  as  weight)  of  a 
grain  and  the  number  of  faces  which  it  possesses .   As 
illustrated  in  Fig.  (29),  these  data  plot  as  a  straight 
line  on  log-log  graph  paper.   The  rapid  decrease  in  volume 
at  3  to  7  faces  is  probably  due  to  local  microstructural 
inhomogeneities  affecting  the  numbers  of  faces  on  the 
smaller  grains .   Grains  with  4  or  fewer  faces  are  also 
capable  of  shrinking  to  zero  volume  with  no  further 
loss  of  faces.   Thus  the  relationship  between  the  volume, 
V,  and  the  number  of  faces,  F^ ,  on  individual  grains  in 
an  aggregate  is  given  by 

£n  V  =  A  +  b  £n  F^  (5) 

where  A  is  a  constant  related  to  the  average  grain  size, 
and  b  is  the  slope  of  the  line  relating  in   V  to  In   F„ 
in  Fig.  (29) . 

If  £n  V  is  distributed  normally  with  mean  In   Py  and 
standard  deviation  i?.n  Oy,  and  £,n  V  is  related  to  K,n  F„ 
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Figure  (28) .   Grain  weight  versus  the  number  of  faces  per 
grain. 
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Figure  (29) .   Grain  weight  versus  the  number  of  faces  per 
grain  (logarithmic  axes) . 
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by  Eq .  (5),  it  follows  that  !?.n  F„  will  be  distributed 
normally  with  mean: 

in    Up  =  ^(Zu   u^    -   A)  (6) 

and  standard  deviation: 

In   Op  =  \{ln   Oy)  (7) 

Thus ,  the  log-normal  distribution  of  grain  sizes  and  the 
power  law  relation  of  V  to  F^  requires  the  log-normal 
distribution  of  Fp  which  was  observed  experimentally. 
Equation  (7)  indicates  that  the  widths  of  the  Fp  and 
grain  size  distributions  should  be  directly  proportional. 

As  shovm  in  Fig.  (24),  this  relation  was  found 
experimentally.   The  proportionality  of  £n  o^  and  iln  a^ , 
also  shown  in  Fig.  (24),  implies  that  the  Ep  distribution 
should  also  be  log-normal,  as  it  was  found  to  be. 

Tlie  topological  models  of  grain  growth  put  forth 
by  C.  S.  Smith  (8),  Rhines  and  Craig  (9),  and 
Steele  (10)  are  all  based  on  the  fundamental  event  of 
the  loss  of  triangular  (3-edged)  faces.   These  are  the 
only  types  of  faces  which  may  spontaneously  disappear. 
During  grain  growth,  the  more  complex  faces  lose  edges 
progressively  through  interaction  with  disappearing  tri- 
angular faces.   When  these  faces  become  3-edged,  they 
too  can  disappear,  reducing  the  number  of  faces  on  their 
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respective  grains.   Successive  faces  degenerate  and  are 
lost  from  the  grain  until  it  is  4-sided  and  can  dis- 
appear from  the  system,  resulting  in  the  loss  of  still 
more  triangular  faces.   Grains  which  are  4-sided  must 
be  continuously  regenerated  in  the  system  to  allow  grain 
growth  to  continue.   It  is  apparent  that  the  fundamental 
event  enabling  tlie  production  of  this  class  of  grain  is 
the  loss  of  triangular  faces.   In  fact,  only  by  their  own 
action  may  triangular  faces  be  regenerated.   Rhines  (32) 
has  analogized  the  role  of  3-edged  faces  in  grain  growth 
to  that  of  vacancies  in  the  diffusion  process,  suggesting 
that  the  rate  of  growth  should  increase  and  decrease 
proportionately  with  their  concentration. 

One  of  the  principal  reasons  for  interest  in  the 
topological  distributions  is  their  relation  to  the  rela- 
tive frequencies  of  3-edged  faces.   As  the  width  of  a 
frequency  distribution  increases,  the  proportions  of  the 
smaller  and  larger  valued  features  increase,  and  those  of 
the  centrally  valued  features  decrease.   The  marked  in- 
crease in  the  percentages  of  triangular  faces  and  4- 
sided  grains  as  fn  o,.,  and  £n  Op  increase  [Figs.  (26)  and 
(27)]  demonstrates  this  well .   The  significant  variation 
in  the  proportions  of  these  features,  which  play  such 
an  integral  part  in  the  growth  process,  strongly  suggests 
an  accompanying  influence  of  the  grain  growth  behavior. 
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By  Rhines'  (32)  suggestion,  an  increased  percentage  of 
triangular  faces  should  directly  increase  the  rate  of 
decay  of  complex  faces  and  grains  and  also  increase  the 
rate  of  regeneration  of  still  more  triangular  faces  and 
4-sided  grains.   The  increased  presence  of  4-sided 
grains,  shown  in  Fig.  (27),  as  iln  a„  increases,  is 
actually  a  result  of  increased  action  by  the  triangular 
faces . 

The  observed  relation  between  frequency  of  triangular 
faces  and  deformation  provides  a  convenient  method  for 
testing  the  hypothetical  effect  of  the  topological  state 
on  the  rate  of  grain  growth.   The  simple  comparison  of 
the  grain  growth  rates  among  specimens  deformed  by 
different  amounts ,  producing  different  frequencies  of 
triangular  faces ,  should  indicate  the  degree  of  effect  of 
the  proposed  topological  mechanism.   Such  a  comparison 
of  growth  rate  must  be  made  at  constant  grain  size,  since 
this  has  an  extreme  effect  on  growth  rate.   Although 
specimens  T-6-1  and  T-6-2  have  shown  a  25%  decrease  in 
the  frequency  of  triangular  faces  over  a  period  of 
extensive  grain  growth,  it  is  believed  that  this  was  an 
adjustment  occurring  early  in  the  process ,  and  not  a  con- 
tinual decrease.   The  wide  variation  in  frequency  of  tri- 
angular faces  among  specimens  deformed  different  amounts. 
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even  after  raore  than  20  hours  of  annealing  [Fig.  (25)] 
indicates  that  the  above  effect  should  not  interfere  with 
the  intercomparison  of  rates  of  grain  growth.   The  test 
of  the  topological  mechanism  of  grain  growth,  suggested 
above,  is  dealt  with  in  Chapter  III. 


CHAPTER  III 

EFFECTS  OF  THE  GRAIN  SIZE  AND  TOPOLOGICAL  DISTRIBUTIONS 

ON  THE  RATE  OF  GRAIN  GROWTH 


Introduction 

The  first  two  chapters  have  shown  that  the  distribu- 
tions of  the  sizes  and  topological  properties  of  grains 
in  polycrys talline  materials  possess  certain  degrees  of 
variability.   The  potential  for  control  of  these  distri- 
butions through  the  variation  of  common  processing 
parameters,  such  as  solidification  rate  and  severity  of 
deformation  prior  to  annealing,  has  also  been  demon- 
strated.  These  results  raise  the  question  of  what  in- 
fluence these  distributions  might  confer  on  those 
properties  of  materials,  which  are  sensitive  to  grain 
size  and  connectivity.   Properties  found  to  be  signifi- 
cantly influenced  in  this  way  might  then  be  controlled 
through  the  intentional  adjustment  of  the  appropriate 
parameters.   One  such  property  which  has  been  theoretical- 
ly related  to  both  topological  and  size  distributions  is 
the  rate  of  grain  growth. 

Jeffries  and  Archer  (49)  first  suggested  the 
dependence  of  grain  growth  on  the  presence  of  a  grain 
size  distribution  in  1924.   They  further  stated  that 
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the  rate  of  growth  should  increase  with  the  variation 
in  grain  size.   These  notions  have  occasionally  been 
considered  theoretically  in  the  years  since,  but  perhaps 
due  to  the  difficulty  of  measurement  of  the  distribution 
and  the  lack  of  awareness  of  its  relation  to  deformation, 
little  has  been  learned  experimentally.   Surprisingly, 
even  the  effect  of  deformation  prior  to  recrys tallization 
on  the  rate  of  grain  growth  has  seldom  been  investigated. 

In  the  late  1940' s,  Burke  (50,51)  and  Beck  and  his 
colleagues  (52,53)  thoroughly  explored  the  effects  of 
many  variables  such  as  material  composition,  specimen 
thickness,  iind  time  and  temperature  of  anneal  on  the 
rate  of  grain  growth.   The  results  of  these  experiments, 
usually  performed  on  samples  receiving  equal  prior 
deformation,  geiierally  indicated  that  for  any  fixed 
temperature  and  material  composition,  the  rate  of  growth 
was  dependent  only  on  the  grain  size,  which  was  measured 
as  the  mean  grain  intercept.   Their  data  were  generally 
well  represented  by  an  equation  of  the  form 

I  =  K  t^^  (8) 

in  which  \  is  the  mean  grain  intercept,  K  is  a  constant, 
t  is  the  time  of  grain  growth,  and  n  is  constant  for  a 
given  composition  and  temperature  of  anneal. 
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In  one  work  however,  Beck  et  al.(53)  observed  a 
slightly  larger  value  of  n  for  pure  aluminum  which  had 
been  rolled  to  an  80%  reduction  in  thickness ,  than  for 
that  rolled  337,  after  annealing  both  at  the  same  tempera- 
ture.  They  also  found  that  after  a  given  length  of 
anneal  at  600° C,  the  more  severely  deformed  material  had 
the  larger  grain  size,  while  after  the  same  length  of 
time  at  350°C,  the  opposite  was  true.   This  was  explained 
as  being  a  result  of  the  different  times  required  for 
recrystallizat ion .   In  a  later  review.  Beck  (4) 
presented  brief  data  which  indicated  that  after  some 
adjustment  of  the  annealing  times,  there  was  no  variation 
in  growth  rate  among  70-30  brass  samples  rolled  177,  to 
847o.   The  effect  of  deformation  was  never  again  seriously 
considered  as  a  factor  in  grain  growth  other  than  through 
its  effect  on  the  recrystallized  grain  size. 

In  the  same  work,  Beck  presented  the  previously 
unpublished  findings  of  Hu  and  Beck  which  suggested  for 
the  first  time  that  the  grain  size  distribution  re- 
mained constant  throughout  grain  growth.   Apparently 
not  realizing  its  possible  variation  otherwise,  he  con- 
sidered distribution  effects  no  further. 

In  the  mean  time,  Burke  (50)  had  suggested  for  the 
first  time  since  Jeffries  and  Archer,  that  the  growth  rate 
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should  be  a  function  of  the  degree  of  grain  size  variation 
within  a  body.   At  about  the  same  time,  C.  S.  Smith  (8) 
first  described  the  topological  nature  of  the  poly- 
crystalline  aggregate,  and  the  interrelationship  of  the 
relative  sizes  of  grains,  their  topological  states,  and 
the  resulting  boundary  curvatures  propelling  their  growth 
or  shrinkage.   His  viewpoint  that  grain  growth  was 
actually  the  result  of  the  loss  of  grains  from  the  system 
was  that  first  put  forth  by  Jeffries  and  Archer,  although 
it  had  not  received  intermediate  consideration. 

Feltham  (3)  later  demonstrated  that  Beck's  dis- 
tribution of  grain  sections  was  log-normal  in  form. 
He  incorporated  this  finding  and  topological  observations 
of  two-dimensional  grain  sections  in  his  model  of  grain 
growth  which,  however,  neglected  the  possible  effect  of 
the  width  of  the  distribution. 

In  1965  ,  Nielsen  (54)  employed  two-dimensional  soap 
froth  models  to  demonstrate  several  of  the  previously 
proposed  relationships.   Wlien  arrays  of  equisized  small 
and  large  cells  were  placed  in  contact  and  allowed  to 
grow,  the  greatest  growth  was  found  to  occur  at  the 
boundary  between  the  arrays,  where  the  cell  size  gradient 
and  curvature  were  the  greatest. 

As  mentioned  previously,  Steele  (10),  determined  the 
relative  frequencies  with  which  the  events  involving 


Ill 


triangular  faces  and  tetrahedral  grains  must  occur  to 
maintain  a  constant  topological  state  througout  grain 
growth . 

The  first  mathematical  model  of  three-dimensional 
grain  growth,  incorporating  both  the  topological  and 
metric  requirements  of  the  process ,  was  developed  by 
Rhines  and  Craig  (9)  in  1974.   They  defined  grain  growth 
as  the  increase  in  V,  average  grain  volume,  resulting 
from  loss  of  grains  from  the  system.   Their  growth  law, 
the  first  to  include  a  parameter  expressing  the  degree 
of  grain  size  variation,  predicted  a  linear  relationship 
between  V  and  time,  which  they  also  found  experimentally. 
They  did  not,  however,  test  the  variability  of  grain 
growth  (dV/dt)  with  this  parameter. 

The  hypothesis  put  forth  in  many  of  the  above  works, 
that  the  rate  of  grain  growth  is  an  increasing  function 
of  the  vjidth  of  the  grain  size  and  topological  distribu- 
tions, has  yet  to  be  verified  experimentally.   This 
chapter  will  report  a  test  of  this  relationship,  through 
the  comparison  of  the  rates  of  grain  growth  of  two  groups 
of  high  purity  aluminum  specimens,  deformed  by  widely 
differing  amounts  prior  to  recrystallization .   The  results 
of  the  previous  chapters  have  shoi\m  that  such  variation 
in  deformation  docs  produce  differences  in 
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post  recrystallization  grain  size  and  topological  distri- 
butions, which  are  maintained  throughout  grain  growth. 

The  grain  growth  rates ,  measured  as  dV/dt  at  constant 
V,  have  been  compared  between  the  two  groups  of  specimens 
to  determine  whether  the  differences  in  treatment  do  lead 
to  unequal  growth  rates  or  whether,  as  Beck  believed,  the 
rate  is  a  simple  function  of  the  average  grain  size. 
Further  information  about  the  process  has  been  obtained 
through  the  measurement  of  the  global  metric  parameters; 
Sy,  L„  and  M„  of  the  two  groups  of  specimens.   The  mea- 
surement of  several  of  these  parameters  has  required  the 
development  and  use  of  relatively  uncommon  techniques, 
which  will  be  described  in  the  experimental  procedure. 

The  grain  growth  process  may  now  be  examined  through 
a  variety  of  types  of  information— topological  and  metric, 
distributional  and  average— all  of  which  are  different  in 
nature.   In  a  given  polycrystalline  aggregate,  however, 
all  are  interrelated,  and  the  overall  process  of  growth 
is  now  found  to  be  best  understood  through  their  combined 
examination . 

Experimental  Procedure 
Material 

High  purity  aluminum  from  the  same  lot  as  that 
used  in  the  experiments  of  the  first  two  chapters  was 
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employed  in  this  study.   This  facilitated  the  comparison 
of  results  from  the  related  studies ,  and  provided  the 
previously  stated  experimental  benefits. 

Sample  Preparation 

Grain  growth  studies  such  as  these  typically  require 
a  starting  material  with  a  fine  grained  microstructure , 
to  allow  a  large  degree  of  growth.   It  was  thus  necessary 
to  break  down  the  coarse  cast  microstructure  of  the 
original  high  purity  ingot  through  a  series  of  cold 
working  and  recrys tallization  treatments.   This  procedure 
and  the  experimental  treatments  later  given  the  in- 
dividual samples  will  now  be  described. 

A  2  in.  cube  of  sound  material  was  sawed  from  the 
original  ingot.   After  cooling  in  liquid  nitrogen,  it  v/as 
unidirectionally  rolled  to  a  final  height  of  1  in.  (507o 
reduction  in  thickness).   The  slab  (1  in.  x  2  in.  x  4  in.) 
was  stored  in  liquid  nitrogen  until  given  a  recrystalli- 
zation  anneal  for  3  min .  in  a  molten  salt  bath  at  635°C. 

It  was  then  sav;ed  across  its  width  to  produce  two 
1  in .  X  1  in .  X  2  in .  pieces.   These  were  cooled  as  before 
and  forged  in  the  2  in.  direction  to  a  height  of  1  in. 
(507o  reduction).   The  pieces,  now  measuring  1  in.  x 
1.4  in.  X  1.4  in.,  were  kept  cool  and  reforged  in  one  of 
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the  1.4  in.  directions  to  1  in.  in  height  (1  in.  x 

1  •        3  • 
"^l^-in.  X  %1t;  in.).   This  was  followed  by  a  recrystalliza- 

tion  anneal  for  2^  min .  in  molten  salt  at  635°C.   By 

alternating  the  direction  of  forging,  and  annealing  for 

short  periods  of  time,  thick  sections  of  relatively  fine 

grained  material  were  obtained.   Samples  measuring  1  in. 

in  height  and  approximately  -j   in.  square  were  sawed  from 

the  annealed  pieces  and  separated  into  two  groups  which 

received  the  following  separate  treatments. 

2570  deformation  group 

Four  samples  were  cooled  in  liquid  nitrogen  and, 

while  immersed,  individually  compressed  from  1  in .  to 

3 

-r   in.  (approximately  257o  reduction  in  height).   These  were 

stored  in  liquid  nitrogen  until  given  their  final  re- 
crystallization  and  grain  growth  anneal  in  molten  salt 
at  635-t2°C  for  periods  of  0.5,  2,  30,  and  60  min.   The 
samples  were  then  sectioned  and  their  microstructural 
properties  stereologically  analyzed  as  described  in  the 
following  sections. 
807^  deformation  group 

Seven  samples  were  cooled  in  liquid  nitrogen  and, 
while  immersed,  compressed  from  1  in.  to  0.2  in.  (ap- 
proximately 807o  reduction  in  height)  .   These  were  stored 
in  liquid  nitrogen  until  given  their  final 
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recrystallization  and  grain  growth  anneal  in  molten  salt 
at  635  +  2°C  for  20  sec,  40  sec,  1,  3,  30,  60,  and 
90  min.   They  were  then  sectioned  and  analyzed  in  a  manner 
similar  to  the  samples  in  the  other  group. 

Throughout  this  chapter,  the  samples  in  the  above 
groups  will  be  referred  to  by  the  designations  given  in 
Table  5. 

Microstructural  Analysis 
Global  properties 

The  microstructural  changes  which  constitute  grain 
growth  may  be  examined  through  the  stereological  measure- 
ment of  the  following  properties: 

Sy  -  average  grain  boundary  surface  area  per  unit 

volume 
Ly  -  average  length  of  grain  edge  (triple  line)  per 

unit  volume 
My  -  average  total  grain  boundary  curvature  per  unit 
volume 
and   Ny  -  average  number  of  grains  per  unit  volume 
These  parameters,  all  of  which  decrease  during  grain 
growth,  report  the  total  quantity  of  microstructural 
feature  per  unit  volume  of  material.   Observation  of  their 
rate  of  change  with  time  provides  a  measure  of  the  rate 
of  grain  growth. 
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Table  5 
Sample  Treatments 

Des^i'?^[a\\on  Deformation  (%)    Time  of  Anneal  (635°C) 

25-1  25  30  sec. 

25-2  25  2  min. 

25-3  25  30  min. 

25-4  25  60  min. 

80-1  80  20  sec. 

80-2  80  40  sec. 

80-3  80  1  min. 

80-4  80  3  min. 

80-5  80  30  min. 

80-6  80  60  min. 

80-7  80  90  min. 
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Other  arrangements  of  these  property  densities  yield 
information  about  the  average  properties  of  the  individual 
grains  themselves: 

average  grain  volume  V  =  1/Ny      (9) 

average  surface  area  per  grain      S  =  2Sy/N.,   (10) 

average  length  of  edge  per  grain    L  =  3L„/Ny   (11) 

average  total  curvature  per  grain   H  =  2M„/N,,   (12) 

average  mean  curvature  of  grain     u  -  m  /c     |■^  ri^ 
boundary  "  ~  ^V'^V    ^^^'' 

mean  grain  intercept  X   =  2/S.,     (14) 

These  parameters  permit  the  description  of  rate  of  grain 
growth  in  terms  of  the  rate  of  change  of  the  average  grain 
size  or  other  property  of  individual  grains.   The  most 
fundamental  and  unbiased  measure  of  grain  growth  rate , 
dV/dt,  was  employed  by  Rhines  and  Craig  (9)  in  their 
investigation . 

Also,  certain  unitless  ratios  of  the  basic  properties 
yield  V7hat  have  been  called  "metric  shape  factors:" 

S^/N^^/^  =  F^  (15) 

M^/N^^/3  =  F3  (17) 
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L^/s/    =  F3  (19) 

M^/L^    =  Fg  (20) 

My/Sv^    =  F^  (21) 

Still  other  combinations  may  be  made  from  those  listed 
above.   Being  unitless ,  they  may  remain  constant  valued 
throughout  a  process  such  as  grain  growth,  provided  that 
the  metric  state  of  the  system,  i.e.  the  grain  size 
distribution  and  the  degree  of  microstructural  equi- 
axedness,  remain  stable.   Smith  and  Guttman  (55), 
DeHoff  (56) ,  and  Okazaki  and  Conrad  (57)  have  previously 

described  and  used  such  factors  which  were  proportional 

2 
to  Ly/S^  .   R.hines  and  Craig  (9)  have  found  M^S  /N„  to  be 

an  integral  part  of  their  grain  growth  equation. 

Thus,  through  the  measurement  of  the  four  global 
properties,  N^ ,  S., ,  L„ ,  and  My,  a  detailed  view  may  be 
had  of  the  polycrystalline  microstructure  as  it  changes 
through  grain  growth.   This  study  will  include  the  mea- 
surement of  these  properties  for  each  sample  of  the  above 
two  series  and  the  calculation  of  the  related  parameters. 
Through  the  analysis  of  this  information,  the  cor- 
responding rates  of  grain  growth  of  the  two  groups  of 
samples  may  be  compared,  enabling  the  acceptance  or 
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rejection  of  the  hypothesis  that  the  grain  size  distribu- 
tion, controlled  through  the  amount  of  deformation  prior 
to  recrystallization ,  influences  the  rate  of  subsequent 
grain  growth  in  a  material. 
Measurement 

Several  special  stereological  techniques  were 
employed  in  the  microstructural  analysis  of  the  specimens. 
These  will  be  described  in  detail  since  the  interpretation 
of  experimental  results  is  dependent  on  the  validity  of 
these  methods.   Some  of  the  techniques  require  explana- 
tion, having  been  refined  or  developed  during  the  course 
of  this  investigation. 

Sy.   The  quantitative  analysis  of  surface  in  space, 
such  as  grain  boundary,  is  straightforward  provided  the 
features  are  either  completely  isotropic  or  completely 
oriented.   The  specimens  in  this  study,  however,  posses- 
sed intermediate  degrees  of  anisotropy  even  after 
extensive  grain  growth.   This  complicated  the  application 
of  the  basic  stereological  equations  relating  S^  to  N,  , 
the  number  of  intersections  with  grain  boundary  trace 
on  a  plane  per  unit  length  of  test  line.   Performing 
measurements  in  numerous  directions  enables  a  better 
approximation  of  the  true  value  of  S,, ,  but  is  time 
consuming  and  destructive  to  the  sample,  which  must  be 
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further  analyzed.   An  alternative  approach  is  the  use  of 
N,  measurements  performed  in  two  or  three  principle 
directions  and  averaged  by  prescribed  methods  to  obtain 
an  N^  from  which  S„  may  be  computed. 

The  Saltykov  model  of  anisotropy  (11,58)  provides 
a  rational  technique  for  doing  this  and  in  addition  to 
total  Sy,  enables  the  estimation  of  the  amounts  of 
oriented  and  isotropic  surface,  and  thus  a  relative  degree 
of  anisotropy.   At  present,  this  is  the  most  detailed 
model  available  for  the  estimation  of  S,,   of  such  micro- 
structure,  and  has  thus  been  employed  in  this  study. 

The  type  of  anisotropy  present  in  these  samples  is 
that  which  Saltykov  has  classified  as  "planar"-f fattened 
in  the  direction  in  which  the  sample  was  compressed,  yet 
symmetric  in  the  plane  perpendicular  to  that  axis.   Al- 
though more  pronounced  in  the  samples  deformed  807o, 
directed  N-,  measurements  have  indicated  the  presence  of 
such  anisotropy  in  both  series  after  annealing. 

In  the  analysis  of  planar  type  microstructures ,  N^ 
measurements  must  be  made  both  parallel  and  perpendicular 
to  the  previously  mentioned  orientation  axis.   Only  one 
section  parallel  to  the  axis  is  required,  as  illustrated 
below. 
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Although  the  annealed  samples  exhibited  a  uniform 
microstructure  in  their  interior,  the  grains  near  the 
outer  surfaces  were  generally  much  larger,  probably  having 
received  less  deformation.   For  consistency,  all  measure- 
ments have  been  restricted  to  the  interior  area  of  the 
sample.   The  measured  values  of  (N, )   and  (N. )   are  then 
employed  in  the  following  equations  to  calculate  the 
amounts  of  surface  with  various  types  of  orientation: 


(Sv)total  =  (Va  (^+^2) 
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grain  boundary  per  unit  volume,  (Sy) .   is  the  amount  of 
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isotropically  oriented  surface  per  unit  volume,  (Sy)  -i  is 
the  area  of  surface  per  unit  volume  which  is  oriented 
perpendicular  to  the  orientation  axis  (planar  surface) , 
and  S2  .  is  the  fraction  of  all  surface  which  is  planar 
in  orientation.   The  above  parameters,  calculated  for 
each  sample,  are  listed  in  Tables  6  and  7. 

Ly.       The  stereological  analysis  of  lines  in  space, 
such  as  grain  edges  (triple  lines) ,  is  also  complicated 
if  they  are  not  arrayed  isotropically.   Thus,  it  was 
again  appropriate  to  employ  a  model  such  as  Saltykov's 
(58)  for  the  estimation  of  Ly  for  the  present  samples. 
Although  Saltykov  has  derived  the  equations  for  calcu- 
lating Ly  for  the  linear  class  of  anisotropy  (elongated 
structure,  as  in  drawn  wire),  he  has  not  considered  lines 
in  any  other  system.   Thus  it  was  necessary  to  derive  the 
following  equations,  using  the  general  Saltykov  approach, 
to  enable  the  measurement  of  Ly  of  these  samples  with 
planar  anisotropy.   In  addition,  the  Ly  equations  were 
derived  for  Saltykov's  third  class  of  anisotropy,  planar- 
linear.   These  derivations  are  presented  in  Appendix  D. 

Calculation  of  Ly  for  planar  structures  requires  the 
measurement  of  P.,  the  average  number  of  grain  edge 
intersections  per  unit  area  of  test  plane,  on  two  section 
planes.   One  section  must  be  parallel  and  the  other 
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perpendicular  to  the  orientation  axis  as  illustrated.   As 


A  orientation  axis 


before,  all  counts  on  the  807o  deformed  specimens  were 

made  well  away  from  the  large  exterior  grains.   This 

required  grinding  to  a  depth  of  t-  to  7^  of  the  specimen 

thickness  before  measuring  (P.)  . 

/\  c 

Once  (Pa)   and  (P.)   have  been  obtained,  they  may  be 
employed  in  the  following  equations: 


(Lv) 


V^  total 


=  (P,)^  (24)q„  + 


^Vis 


A' a 


=  2q2(Va 


2^H2 


(26) 
(27) 


(Lv)pl 


=  ?(Va(l-^2) 


(28) 


(il) 


Pl 


^_ 2^^'q2^ 

^  V'total    (2-7^)q„  +  j 


(Vpi, 


(29) 


^^A^c 
where  q2  =  7p-j— .  '^^V'*  total  "^^  ^^^  total  length  of  grain 


!;e  per  unit  volume,  (L^)  -  ,  the  length  of  isotropically 
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oriented  grain  edge  per  unit  volume  ,  (L„)  -,  is  the  length 

of  grain  edge  lying  in  the  plane  perpendicular  to  the 

orientation  axis  per  unit  volume,  and  ($2)  ,  is  the  frac- 

pl 

tion  of  all  edge  which  is  of  planar  orientation.   The 
experimentally  measured  values  of  these  properties  for 
the  two  series  of  samples  are  given  in  Tables  7  and  8. 

In  the  course  of  this  study  of  the  Saltykov  model  of 
anisotropy,  an  entirely  separate  microstructural  model 
was  also  considered.   This  model,  proposed  by  DeHoff  (59), 
is  based  on  the  properties  of  an  unequiaxed  Kelvin  tetra- 
kaidecahedron  (36)  (truncated  octahedron) .   The  deviation 
of  the  equations  for  the  calculation  of  L^  by  this  model 
and  a  test  and  comparison  of  it  and  the  Saltykov  model 
are  also  presented  in  Appendix  D. 

My.   The  tangent  count  method,  devised  by  Rhines 
et  al ■  (60)  has  been  employed  to  measure  the  total  grain 
boundary  curvature  per  unit  volume.   In  this  procedure, 
a  straight  line  is  swept  over  the  test  surface  and  T . ,  the 
average  number  of  tangencies  between  it  and  curved  grain 
boundary  traces,  per  unit  area  of  test  surface,  is 
detennined.   Total  curvature  of  surface  per  unit  volume, 
as  derived  by  DeHoff  (60) ,  is  then  given  by 

My  =  "T^  (30) 

The  result  of  this  equation  has  been  shown  (59)  to  be  more 
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complex  than  simply  the  total  curvature  per  unit  volume, 
when  T^  is  measured  for  a  grain  boundary  network.   It 
does,  however,  provide  a  measure  of  the  degree  of  grain 
boundary  curvature  per  volume  and  it  will  be  interpreted 
as  such  in  this  study. 

The  value  of  T.  is  measured  with  test  lines  swept  in 
two  different  directions  on  the  plane  parallel  to  the 
orientation  axis.   These  measurements  were  designated 

^^A^  trans  ^"^^  ^^A^ong  '  ^^'^  "^°^  ^^1°"- 

A  orientation  axis 


*^^AHong 

(T    ) 

^   A^ trans 

The  value  of  M„  was  then  calculated  usine  the  average  of 


V 


the  two  measurements 


(T  )      +  CT  ) 
M^  =  .(— AJi^H^^^  A  trans )  ^3^^ 

A  rough  measure  of:  the  degree  of  anisotropy  of  total 

curvature  was  obtained  from  the  ratio  (T.)^     /(T.), 

A^  trans    A^ long 

The  experimentally  measured  values  of  the  above 
parameters  are  listed  in  Tables  7  and  9. 
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N^.  The  nuinber  of  grains  per  unit  volume,  N,,,  is 
measured  most  unambiguously  through  serial  sectioning. 
This  measurement,  although  time  consuming,  is  statistical- 
ly exact  even  in  the  presence  of  anisotropy  and  may  be 
performed  to  a  degree  of  precision  limited  only  by  the 
number  of  counts . 

First  performed  by  Craig  (61) ,  who  sectioned 
aluminum  with  a  microtome ,  the  technique  has  been  refined 
with  each  successive  use  (18,46,62).   For  instance,  it 
has  now  been  found  that  a  reasonably  narrow  confidence 
interval  (coefficient  of  variation  -^--O.l)  may  be  obtained 
for  N^  after  only  six  to  ten  sections,  whereas  it  was 
previously  thought  that  as  many  as  250  sections  might 
be  required  for  satisfactory  accuracy  (62) .   The  fol- 
lowing is  a  description  of  the  serial  section  technique 
employed  in  this  study. 

The  specimens  were  first  sectioned  so  that  an 
interior  area,  away  from  large  external  grains,  could 
be  viewed.   The  samples  deformed  257o  were  sectioned 
perpendicular  to  the  deformation  axis  at  mid-specimen 
height.   Due  to  the  possibility  of  a  grain  size  gradient 
extending  through  the  thickness  of  the  samples  in  the  807o 
group,  they  were  sectioned  parallel  to  the  deformation 
axis.   Performing  the  analysis  over  the  cross-section  of 
the  gradient  yielded  the  average  N„  for  the  specimen. 
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After  polishing  the  initial  section,  small  marker 
holes  (0.013  in.  diameter)  were  drilled  into  it,  sur- 
rounding an  area  large  enough  to  contain  200-300  grain 
sections.   The  holes  were  outlined  on  tracing  paper  placed 
over  a  photomicrograph  of  this  region.   With  the  overlay 
in  place,  a  pin  hole  was  made  through  it  and  the  photo, 
in  the  center  of  the  region  surrounded  by  markers.   Using 
a  compass  centered  in  the  pin  hole ,  a  circular  working 
area  was  outlined  on  the  photomicrograph.   The  true 
area  of  this  surface  could  be  calculated  from  the 
photographic  magnification.   For  ease  of  identification, 
each  grain  in  the  working  area  was  then  outlined  with  ink 
and  numbered. 

After  measuring  its  thickness,  each  sample  was 
ground  and/or  polished  to  remove  a  small  layer  of  material 
and  produce  a  new  surface  for  examination,  parallel  to 
the  original  one.   A  photomicrograph,  of  the  same 
magnification  as  before,  was  then  made  of  this  surface. 
After  alignment  of  the  stencil  with  the  markers  in  the 
new  photograph,  the  central  point  of  the  new  working  area 
was  marked  through  the  stencil  pin  hole,  and  the  new 
working  area  of  the  same  diameter  as  before  was  circum- 
scribed from  this  point.   The  grains  within  this  area 
were  outlined  and  numbered  in  correspondence  with  the 
previous  photograph. 
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Any  grains  appearing  for  the  first  time  within  the 
working  area  of  this  section  were  given  numerical 
designations,  beginning  with  1000,  and  the  number  of 
these  new  grains  were  recorded.   Remeasurement  of  the 
sample  thickness  with  a  micrometer  enables  calculation 
of  the  cylindrical  volume  within  which  the  grains  had 
originated.   Successive  sections  were  performed  until 
the  calculated  values  of  N.,  were  of  the  desired  accuracy. 

It  should  be  emphasized  that  in  this  technique ,  only 
those  grains  appearing  for  the  first  time  within  the 
working  area  are  recorded.   The  number  of  grains  which 
first  appear  outside  and  later  enter  the  area,  is  pro- 
babilistically equal  to  the  number  first  appearing  within 
the  area  and  later  extending  beyond  it.   Thus  the  boundary 
does  not  contribute  any  systematic  error  to  the  calcula- 
tion of  N„. 

It  should  also  be  mentioned  that  the  marker  holes 
merely  provide  a  convenient  means  for  relocating  the  same 
general  area  of  the  sample,  and  misalignment  from  section 
to  section  does  not  introduce  error,  as  long  as  each 
area  of  examination  can  be  compared  to  that  same  area  in 
the  preceding  photograph.   For  convenience,  it  is  best 
to  minimize  such  misalignments  through  use  of  the  markers. 

The  serial  section  data  for  each  specimen  have  been 
provided  in  Appendix  E. 
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The  results  of  such  serial  section  procedures  have 
previously  been  analyzed  in  several  ways  to  estimate  N,, 
statistically,  in  order  to  obtain  the  true  average  number 
of  grains  per  unit  volume.   One  such  method  has  been  to 
plot  graphically  the  cumulative  number  of  newly  appearing 
grains  versus  the  cumulative  volume  sectioned  [Fig.  (30)], 
and  consider  N,^  to  be  approximated  by  the  slope  of  the 
straight  line  best  fitting  the  data.   This  is  actually 
not  a  meaningful  approach  since  each  successive  datum 
point  contains  more  information  than  the  previous  one. 

The  best  estimator  of  the  true  N„  is  obtained 

simply  by  dividing  the  final  cumulative  number  of  grains 

by  the  final  cumulative  volume ,  the  last  point  on  the 

graph,  i.e. 

ZN. 
Nv  =  Y^  (32) 

K  ^ 

where  N,,  estimates  the  mean  value  of  N,,,  N.  is  the  number 
V  V   1 

of  grains  first  appearing  in  the  i  section,  V.  is  the 
volume  of  the  i  section,  and  K  is  the  total  number  of 
sections  analyzed. 

Since  the  section  volumes  generally  vary  throughout 
a  sample,  tlie  amount  of  information  contained  in  them 
does  also.   In  this  situation,  it  is  preferable  to 
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Figure  (30) .   Cumulative  number  of  newly  appearing  grains 
versus  cumulative  volume  sectioned. 
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estimate  the  population  variance,  (Var)„  ,  by 

V 

UN.  -  V.  N^)2 
^"^^^N,  =  K  ^ KTI (33) 

where  y     is  the  average  section  volume,  rather  than  by 
the  standard  method.   The  957o  confidence  interval  for  N^ 
is  given  by  Eq .  (34): 

N^  =  N^±2/XViF)^  (34) 

The  confidence  intervals  of  N„,  obtained  for  each 
specimen  are  listed  in  Table  7. 

V.   The  measurement  of  V,  the  average  grain  volume, 
is  directly  related  to  that  of  N^.   Since  V  =  1/N„,  it 
follows  that  V,  the  estimator  of  V,  is  given  by 

?;v. 

V  =  -^  =  nr  (35) 

N      i 

The  value  of  (Var)y,  the  estimated  population 
variance  of  V,  is  given  by 

UV.  -  N.  V)2 
(V^^)v  =  k   = K^l (36) 

where  -y^  is  the  average  number  of  newly  appearing  grains 
per  section.   The  95%  confidence  interval  for  V  is  then 

V  =  V±2/(Var)^  (37) 

The  confidence  intervals  calculated  for  each  specimen  are 
given  in  Table  10. 
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Equations  (33)  and  (36)  for  the  variances  of  Ny 
and  V  do  not  distinguish  between  experimental  error  and 
variation  within  the  sample  itself.   Experimental  error 
may  be  minimized  by  taking  sections  thin  enough  that  the 
change  in  microstructural  appearance  between  sections  is 
not  so  great  as  to  produce  confusion  in  distinguishing 
newly  appearing  grains  from  those  formerly  present. 
Taking  thin  sections  also  prevents  the  complete  passing 
of  small  grains  between  sections.   Excessively  thin 
sections,  however,  are  not  warranted,  owing  to  the  small 
amount  of  information  which  they  contain. 

Figures  (31)  and  (32)  illustrate  the  average  section 
depths  which  were  found  to  be  most  desirable   for  the 
samples  of  various  average  grain  sizes  examined  here. 
It  can  be  seen  that  the  optimum  section  depth  decreases 
exponentially  as  S„  increases.   The  calculated  best-fit 
line  through  the  data  of  Fig.  (32)  has  a  slope  very  close 
to  -1,  indicating  that  this  depth  is  proportional  to 
Sy   .   This  is  the  same  relationship  as  between  S,,  and  X, 
the  mean  grain  intercept .   Thus ,  it  follows  that  the 
optimum  section  depth-that  at  which  the  appearance  of  a 
microstructure  in  a  photograph  changes  some,  but  not 
excessively-is  directly  proportional  to  the  mean  grain 
intercept,  which  measures  the  one-dimesional  scale  of  a 
microstructure . 
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Figure  (32)  .   Optimum  section  thickness  versus  surface 
area  per  unit  volume  (logarithmic  axes) . 
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Also  of  interest  is  the  relationship  between  the 
microstructural  scale  of  a  sample,  measured  by  S., ,  and 
the  total  volume  which  must  be  analyzed  in  order  to  attain 
a  given  degree  of  accuracy  in  the  measurement  of  N„  or  V. 
Figures  (33)  and  (34)  illustrate  this  relationship 
for  the  two  series  of  samples,  all  of  which  were  analyzed 
to  approximately  the  same  relative  accuracy  (coefficient 
of  variation  ^'0.1).       The  slope  of  the  calculated  best-fit 
line  in  Fig.  (34)  is  approximately  -3,  as  may  be  deduced 
independently  as  follows. 

If  the  sources  of  experimental  error  and  the  relative 
inhomogeneity  of  a  sample  are  independent  of  the  grain 
size,  then  the  degree  of  accuracy  attained  in  the  analysis 
of  equal  numbers  of  grains  from  several  samples  should 
be  approximately  equal.   The  number  of  grains  analyzed  in 
a  given  sample  is  directly  proportional  to  the  volume 
sectioned.   It  therefore  follows  from  the  relationship 
of  S^  and  N^  '^    [Eq.  (15)],  that  S^"^  is  proportional  to 
the  volume  which  must  be  sectioned  in  order  to  observe 
the  given  number  of  grains  required  to  attain  a  certain 
degree  of  accuracy.   Figures  (31)-(34)  should  be  of 
practical  value  in  the  performance  of  future  serial 
sectioning  experiments. 
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Figure  (34) .   Total  volume  sectioned  to  reduce  coefficient 
of  variation  of  Ny  to  -0.1  versus  surface 
area  per  unit  volume  (logarithmic  axes) . 
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Experimental  Results 
Grain  Growth  Rate 

The  global  properties-S^ ,  L^ ,  M^  and  N„-have  been 
measured  by  the  previously  described  techniques  for  each 
of  the  grain  growth  specimens.   The  957o  confidence 
intervals  of  the  measurements  for  each  sample  are  given 
in  Table  7. 

In  Figs.  (35)- (38),  the  above  data  are  plotted 
versus  time  of  anneal,  to  illustrate  the  effect  of  grain 
growth  on  the  global  properties.   Samples  80-1  and  25-1, 
which  received  the  shortest  anneal  of  each  series,  were 
found  to  be  completely  recrystallized  after  20  and  30 
seconds,  respectively,  in  the  salt  bath.   Both  samples 
were  also  undoubtedly  near  or  at  their  final  annealing 
temperature  of  635°C  by  these  times,  since  the  salt 
crust  (melting  point  %560°C)  which  formed  immediately  on 
the  samples  had  remelted  within  approximately  10  seconds. 
Displacement  of  each  datum  point  along  the  time  axis, 
in  order  to  subtract  the  heat  up  and  recrystallization 
period,  would  have  virtually  no  influence  on  the  form  of 
these  curves.   They  may  thus  be  interpreted  as  re- 
presenting the  behavior  of  the  properties  as  a  function 
of  the  time  of  grain  growth. 

At  this  temperature,  the  quantities  of  each  property 
decrease  rapidly  within  the  first  several  minutes  of 
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Figure  (35) .   Number  of  grains  per  unit  volume  versus 
annealing  time. 
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Figure  (36) .   Grain  boundary  surface  area  per  unit  volume 
versus  annealing  time. 


Figure  (37) .   Grain  edge  length  per  unit  volume  versus  an- 
nealing time. 
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Figure  (38) .   Total  grain  boundary  curvature  per  unit  volume 
versus  annealing  time. 
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grain  growth,  and  continue  to  decrease  at  a  progressively- 
slower  rate  with  time.   The  807o  deformed  samples  re- 
crystallize  to  a  smaller  average  grain  size  than  the  257o 
group  and  after  any  given  period  of  grain  growth  possess 
markedly  larger  values  of  the  various  properties. 

The  rate  of  change  of  a  property  at  any  given  point 
along  its  path  of  decrease  with  time  may  be  measured 
graphically  by  the  slope  of  the  line  tangent  to  its 
curve  at  that  point.   In  this  manner  dN^/dt,  dS^/dt, 
dL^/dt  and  dM^/dt  have  been  illustrated  in  Figs.  (35)- 
(38)  at  equal  values  of  N^ ,  S^,  Ly  and  lU ,  for  each  of 
the  two  groups  of  samples.   It  can  be  seen  that  for  each 
global  property,  the  rate  of  decrease  at  constant  value 
is  always  greater  for  the  25%  deformation  group  than  for 
the  807o  group.   At  N^  =  5  x  10^  cm""^,  in  Fig.  (35),  the 
rate  of  loss  of  grains  from  the  system  is  8000/min.  for 
the  257o  deformed  material  and  400/min.  for  that  deformed 
807o,  a  20:1  difference.   This  previously  unreported 
results  tends  to  support  the  prior  hypothesis,  since  the 
lesser  deformed  material  has  been  shown  to  have  the 
broader  grain  size  distribution,  and  greater  percentage 
of  triangular  faces. 

Average  Properties  of  Gr a  in  s 

The  grain  growth  rate  is  perhaps  more  easily 
visualized  as  the  rate  of  increase  of  an  average  grain 
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size  than  as  the  rate  of  decrease  of  the  global  prop- 
erties.  Figures  (39) -(42)  illustrate  the  increase  of 
the  average  volume,  average  surface  area,  average  edge 
length,  and  average  total  curvature  per  grain  with  time 
of  grain  growth.   Also,  Fig.  (43)  shows  the  decrease  in 
average  mean  curvature  of  grain  boundary  with  time,  as 
the  average  mean  radius  of  grain  boundary  curvature 
increases.   The  values  of  the  above  properties,  calculated 
through  Eqs.  (9)-(13),  are  listed  in  Table  10. 

It  can  be  seen  that  the  rate  of  increase  of  each 
property,  related  to  average  grain  size,  is  greater  for 
the  series  of  samples  deformed  257c,  than  for  the  series 
deformed  80%.   The  comparison  of  the  values  of  dV/dt  at 
constant  V,  shown  by  the  tangent  lines  in  Fig.  (39), 
allows  the  most  meaningful  observation  of  the  rates  of 
grain  growth  of  the  two  series  of  specimens.   As 
emphasized  by  Rhines  and  Craig  (9) ,  the  rate  of  increase 
of  the  average  grain  volume  is  the  only  pure  measure  of 
grain  growth  (with  the  exception  of  the  related  dN„/dt) , 
unbiased  by  changed  in  grain  shape  or  anisotropy.   As 
mentioned  previously,  the  grain  growth  process  is  itself 
the  successive  loss  of  grains  from  the  system-the  only 
event  which  can  increase  V.   The  tangents  to  the  growth 
curves  in  Fig.  (39)  are  at  the  same  average  grain  volume 


Figure  (39).   Average  grain  volume  versus  annealing  time 
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Figure  (40) .   Average  surface  area  per  grain  versus  an- 
nealing time. 
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Figure  (41) 


Average  edge  length  per  grain  versus  an- 
nealing time. 
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Figure    (42) .      Average    total    curvature   per    grain   versus    an- 
nealing   time. 


Figure  (43) .   Average  moan  curvature  of  grain  boundary 
versus  annealing  time. 
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-5      3 
of  2  X  10    (cm.  ) ,  comparable  to  the  values  of  Ny  at 

which  the  tangent  lines  were  drawn  in  Fig.  (35).   The 

-  7      3 
values  of  dV/dt  at  this  volume  are  32  x  10    (cm.' /min.) 

-7      3 
and  1.6  X  10    (cm.  /min.)  for  the  257^  and  807o  deformed 

series,  respectively.   This  20-fold  difference  in  growth 
rate  is  the  same  as  was  observed  through  N„ ,  at  this 
average  grain  size. 

Further  insight  into  the  process  may  be  obtained 
through  Figs.  (44) -(47)  in  which  N„,  S^ ,  L^  and  M   are 
graphed  versus  time  of  anneal  on  logarithmic  axes .   With 
the  exception  of  minor  random  deviations  among  the 
samples,  the  above  properties  all  plot  linearly  on  such 
a  graph.   The  correlation  coefficients,  r,  of  the  cal- 
culated best  fit  lines  shown  in  the  figures  are  all 
greater  than  or  equal  to  0.97.   For  each  series,  the 
calculated  slopes  of  the  lines  vary  among  the  parameters 
in  the  proportion 

S„  :  My ,  Ly  :  Ny  =  n  :  2n  :  3n 

This  results  directly  from  the  relationship  of  Eqs .  (15)- 
(21).   Also,  in  most  of  these  figures,  the  slope  of  line 
representing  the  257c,  deformed  group  is  slightly  less 
than  that  of  the  807,  group.   Intercomparison  of  the 
slopes  yields  the  following  approximate  values  of  n: 
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257o  group  :  n  -  0.11 
807o  group  :  n  ^    0.15 
Figures  (48)- (52)  illustrate  the  related  logarithmic 
plots  of  the  average  properties  V,  S,  L,  M,  and  H.   The 
correlation  coefficients  of  the  best-fit  lines  were 
again  high,  greater  than  or  equal  to  0.96,  with  the 
exception  of  the  M  and  L  plots  in  which  r  ranged  from 
0.81  to  0.92.   From  Eqs .  (15)-(21),  the  slopes  of  these 
lines  should,  and  do,  vary  in  the  proportion 

L,  M,  H,  I  :  S  :  V  =  n  :  2n  :  3n 
The  good  fit  of  the  data  in  this  type  of  plot  is 
indicative  of  a  relationship  of  the  form 

£n  Y  =  £n  A  +  bn  in    t  (38) 

or 

Y  =  A  t^"^  (39) 

where  Y  may  be  any  of  the  above  parameters;  A  is  a 
constant,  related  to  some  initial  value  of  Y;  b  =  ±(1,  2, 
or  3),  depending  on  the  parameter  represented  by  Y ;  n  is 
the  previously  given  value  of  slope  for  the  respective 
deformations;  and  t  is  the  time  of  grain  growth.   Thus 
the  various  properties  experimentally  obey  the  following 
time  dependencies: 

N   =  A   N    t-3"  (40) 
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L  =  A2  L    t"2n  (41) 

M  =  A  M    t-^"^  (42) 

0 

Sy  =  A4  S    t""^  (43) 

0 

V  =  (1/A   N   )  t^""  (44) 

0 

S   =  (2A,  S  /A      N   )  t^""  (45) 

0      0 

L  =  (3A„  L   /A,  N   )  t"  (46) 

0      0 

M  =  (2A^  M^,  /A.  N,.  )  t""  (47) 

■^0      0 

H   =  (A^  M   /A,  Sy   )  t"""  (48) 

-^0      0 

X   =  (2/A,  S   )  t""  (49) 

0 

The  curved  lines  representing  the  trends  of  the  data  in 

Figs.  (35) -(43)  were  obtained  from  the  best  fit  lines  of 

the  logarithmic  plots  of  Figs.  (44) -(52). 

Metric  Shape  Factors 

Also  of  interest  are  the  experimentally  measured 
metric  shape  factors.   As  previously  stated,  these 
unitless  combinations  of  two  or  more  global  properties 
may  be  employed  to  determine  the  presence  or  absence  of  a 
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constant  microstructural  state  over  the  course  of  a 
kinetic  process.   Figures  (53)- (59)  illustrate  the 
relationships  of  Eq .  (15)- (21)  using  data  from  the 
present  grain  growth  experiments.   In  each  figure,  the 
points  representing  the  shortest  annealing  times  are 
farthest  from  the  origin  of  the  growth.   As  grain  growth 
progresses  the  values  of  the  global  properties  decrease 
and  the  point  moves  toward  the  origin,  generally  in  a 
straight  path,  the  slope  of  which  is  the  value  of  the 
steady-state  shape  factor.   In  these  figures,  there 
appears  to  be  no  discernible  difference  in  the  paths 
follov/ed  by  the  two  groups  of  samples.   The  deviations 
of  the  data  points,  above  and  below  the  line,  appear  to 
be  random  and  are  probably  due  to  inaccuracy  of  measure- 
ment . 

The  lines  representing  the  path  of  microstructural 
change  in  these  figures  have  been  purposely  drawn  through 
the  origin.   The  slopes  of  the  lines  have  been  chosen  to 
provide  a  good  fit  in  the  individual  graphs  yet  produce 
consistency  among  those  figures  which  are  interrelated. 
For  example  (L^/N^^^^) / (S^/N^^/^) ^  must  equal  L^/S^^. 
The  resulting  relationships  for  these  data  are  as  fol- 
lows : 

S^/N^l/3  ^  2.5 
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Figure    (53) .       Surface    area   per   unit   volume   versus    (number 
of   grains    per   unit   volume) 1/^. 


Figure  (54) .   Edge  length  per  unit  volume  versus  (number  of 
grains  per  unit  volume)2/3_ 
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Figure  (55).   Total  curvature  per  unit  volume  versus  (number 
of  grains  per  unit  volume) 2/3 . 
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Figure  (56)  .   Product  of  total  curvature  per  unit  volume 
and  surface  area  per  unit  volume  versus 
number  of  grains  per  unit  volume.   Present 
data  and  results  of  Pvhines  and  Craig  (9)  . 
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Figure  (57).   Edge  length  per  unit  yoluine  versus  (surface 
area  per  unit  volume)^. 


Figure  (58) .   Total  curvature  per  unit  volume  versus  edge 
length  per  unit  volume. 
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Figure  (59).   ToLal  curvature  per  unit  volume  versus 
(surface  area  per  unit  volume)2. 
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L  /N  ^/-^  =  5 
^V'  V 

M  /N  ^^-^  =  1 
^V  V 

The  remainder  are  dependent  upon  the  above  ratios : 

M^/S^2    =0.16 
M^  S^/N^  =2.5 

Rhines  and  Craig  (9)  also  found  M^  S„/Ny  to  remain  con- 
stant throughout  grain  growth.   The  different  slopes 
exhibited  by  their  data  and  that  of  the  present  study 
[Fig.  (56)],  for  similar  material,  is  undoubtedly  due 
to  differences  in  the  methods  of  measurement  of  M„  and  Sy. 

Anisotropy 

Tables  6,  8,  and  9  list  information  concerning  the 
microstructural  anisotropy  of  the  specimens.   Included  are 
the  values  of  the  directed  N-,  ,  P.,  and  T.  measurements, 
the  amounts  of  planar  and  isotropic  grain  surface  area 
and  edge  length  ,  and  the  relative  fractions  of  anisotropic 
surface  and  edge  present  in  the  samples.   Most  of  the 
values  of  the  oriented  fractions  are  consistent  within 
each  series .   The  occasional  deviations  are  most  likely 
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due  to  measurement  of  an  unrepresentative  area  of  the 
sample,  containing  a  coarser  or  finer  than  normal  grain 
size  . 

Within  each  sample  group,  there  appears  to  be  no 
consistent  trend  of  change  in  the  degree  of  edge  or 
surface  anisotropy  over  the  period  of  grain  growth.   This 
result  is  consistent  with  the  previous  observation  of  the 
metric  shape  factors  remaining  constant  throughout  the 
process.   It  can  also  be  seen  that,  overall,  the  group 
deformed  80%  possesses  slightly  greater  anisotropy  than 
the  257o  group.   This  difference  is  unnoticeable  in 
Figs.  (53)-(59).   In  Figs.  (53)  and  (55),  sample 
80-1  appears  to  have  relatively  larger  values  of  S.,  and 
M„  in  proportion  to  Ny  than  the  other  samples.   These 
deviations  are  magnified  further  in  the  plot  of  M„  S„ 
versus  Ny  [Fig.  (56)].   However  the  degrees  of  anisotropy 
for  this  sample,  given  in  Tables  6  and  9,  appear  to  be 
normal,  indicating  that  the  deviations  more  likely 
represent  an  unrepresentative  location  of  measurement, 
instead  of  deviation  from  the  constant  path  of  micro- 
structural  change. 

Discussion 
The  findings  of  this  chapter  demonstrate  that  the 
rate  of  grain  growth  may  vary  among  similar  types  of 
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materials  of  the  same  average  grain  size,  annealed  at 
similar  temperatures.   This  phenomenon  has  gone  unnoticed 
over  a  number  of  years  of  grain  growth  research.   Un- 
doubtedly, this  has  been  due,  at  least  in  part,  to  the 
unobviousness  of  a  reason  why  this  behavior  should  occur. 
Beck  (63)  ,  v;ho  v;as  influenced  by  the  results  of  experi- 
ments dealing  with  differences  in  prior  annealing 
temperature ,  dismissed  such  a  phenomenon  in  the  early 
days  of  grain  growth  research.   His  brief  observation  of 
deformation  effects  (4)  showed  little  variation. 

Walker  (64)  had  previously  collected  extensive 
grain  growth  data  over  a  wide  range  of  deformations  and 
annealing  temperatures.   In  analyzing  Walker's  data, 
however,  neither  Burke  (51)  nor  Beck  (63,65)  observed  the 
marked  difference  in  growth  rate  among  specimens  of  equal 
average  grain  size,  which  had  previously  been  deformed 
by  different  amounts.   Illustrated  in  Fig.  (60),  this 
facet  of  VJalker's  data  has  gone  unnoticed  until  the 
present  investigation.   This  behavior,  in  70-30  brass, 
compares  well  with  observations  of  the  present  studies, 
using  aluminum  |Fig.  (61)]. 

The  plot  of  V  versus  time  on  a  logarithmic  plot 
[Fig.  (48)1  does  not,  at  first  consideration,  make 
apparent  the  20-fold  difference  in  dV/dt  which  was 


Data  of  HL. Walker  (64) 
70-  30  Brass  -600°C 
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Figure    (60) . 
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Mean  grain  intercept  versus  time  of  grain 
growth  for  70-30  brass  specimens  deformed  by 
different  amounts  and  annealed  at  600°C. 
Tangent  lines  indicate  rates  of  grain  growth 
at  comparable  grain  sizes.   Data  of 
Walker  (64) . 


Figure  (61) .   Mean  grain  intercept  versus  time  of  anneal  for 
spGcirnens  of  the  present  study,  which  were 
deformed  257o  and  807o  prior  to  annealing  at 
635°C.   Tangent  lines  indicate  rates  of  grain 
growth  at  comparable  average  grain  sizes. 
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measured  from  the  tangent  lines  of  Fig.  (39).   This 

difference  becomes  more  visible  when,  as  shown  in 

Fig.  (62),  specimen  25-1  is  shifted  along  the  time  axis 

to  the  growth  curve  for  the  807o  deformed  specimens.   If 

growth  rate  were  dependent  only  on  instantaneous  grain 

size,  the  other  257o  specimens  should  follow  the  growth 

path  of  the  807o  group,  when  their  annealing  times  are 

transposed  along  the  time  axis  by  the  same  amount  as 

25-1.   As  shown  in  Fig.  (62),  the  257o  specimens  exhibit 

a  much  faster  growth  rate  than  the  807o  group  when  this 

is  done,  and  their  path  becomes  non-linear,  contrary  to 

Beck's  supposition. 

The  degree  of  difference  between  the  growth  rates 

of  the  two  series  of  specimens  may  be  analyzed  through 

the  logarithmic  plot  of  Fig.  (48),  to  determine  whether 

it  remains  constant  throughout  the  growth  process  or 

whether  it  is  variable.   As  mentioned  in  the  experimental 

results,  the  growth  laws  of  the  two  groups  may  be 

represented  by 

3n-, 

V^  =  K-^  t   ^  (50a) 

and  V^  =  ^2  t  ""^  (50b) 

where  K  and  n  are  constants  and  the  subscripts,  1  and  2, 
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refer  to  the  respective  series  of  deformed  specimens. 
Differentiating,  to  obtain  dV/dt  v/ith  respect  to  grain 
volume,  and  equating  the  expressions  for  each  series 
yields 

dV^    n^  K-j_^/^  dV2 

"^T  ^   n~   7T73  "dF  <^^^^ 

Since  the  values  of  n  and  K  are  all  constants,  in  the 
respective  empirical  growth  laws  given  above,  the  rates 
of  growth  of  the  two  series  must  differ  by  a  fixed  amount, 
at  equal  values  of  V,  throughout  grain  growth. 

On  consideration  of  the  observed  variation  of  In   a„ 
with  deformation,  the  difference  in  growth  rate  would 
appear  to  be  due  to  the  variation  of  some  influence  of 
the  grain  size  distribution.   Theoretically,  this  in- 
fluence could  be  through  the  resulting  degree  of  face 
curvature,  the  frequency  of  dynamic,  3-edged  faces,  or 
through  both.   The  lack  of  measurable  difference  between 
the  metric  shape  factors  of  the  two  deformation  series 
[Figs.  (53)- (59) J  tends  to  rule  out  the  first,  and  more 
traditional,  of  the  above  explanations.   Reconsideration 
of  the  Ep  data,  however,  lends  strong  support  to  the 
notion  of  a  topological  mechanism  controlling  the  pro- 
cess . 


In  Fig.  (63),  the  frequencies  of  triangular  faces 
have  been  replotted  versus  true  strain.   The  percentages 
of  these  faces  at  the  projected  equivalents  of  25%  and 
807o  engineering  strain  are  seen  to  be  '^'47o  and  <<17o  re- 
spectively.  Although  the  exact  frequency  of  faces  could 
not  be  measured  for  the  807o  deformed  specimens,  due  to  the 
fineness  of  their  grain  sizes,  the  trend  shown  in 
Fig.  (63)  indicates  that  the  difference  in  frequencies 
between  the  two  series  could  be  as  great  as  20,  the  ob- 
served difference  in  the  rate  of  grain  growth.   Further- 
more, the  constancy  of  the  degree  of  difference  between 
the  rates  of  grain  growth  of  the  two  series,  throughout 
the  process,  is  consistent  with  the  apparent  invariant 
nature  of  the  topological  state. 

It  thus  appears  that  although  grain  boundary  curva- 
ture is  undoubtedly  the  driving  force  for  grain  growth, 
the  rate  at  which  the  process  occurs  is  governed  by  the 
availability  of  the  necessary  topological  features.   For 
a  given  amount  of  grain  growth  to  occur  in  a  specimen, 
with  the  maintenance  of  a  fixed  relative  grain  size 
distribution,  a  finite  number  of  triangular  faces  must  be 
generated  and  lost.   The  greater  the  steady-state  fre- 
quency of  triangular  faces  present,  due  to  the  form  of 
the  grain  size  distribution,  the  proportionately  faster 


204 


20 


CO 
LlI 

u 

< 

Ll. 

Q 
UJ 

Q 
IxJ 
I 

ro 
Ll 
O 


O 

h- 

< 
q: 

Ll 


O  C-  Series 
•  T- Series 


9 


80% 


TRUE     STRAIN 


Figure  (63) .   Percentage  of  faces  with  3  or  fewer  edges 
versus  true  strain  prior  to  recrystaLliza- 
tion  and  grain  growth. 
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can  the  necessary  events  occur.   The  rate  of  grain  growth 
may  thus  be  thought  of  as  at  least  approximately  pro- 
portional to  the  percentage  of  triangular  faces  within 
a  material.   This  result  supports,  and  to  an  extent,  adds 
to  the  topological  models  of  grain  growth  which  have  pre- 
viously been  put  forth  (8-10) . 


CONCLUSIONS 

The  above  studies  of  the  distribution  of  grain  sizes 
in  annealed  and  cast  metals  have  sho\m  that  this  distribu- 
tion is  not  merely  an  end  product  of  evolutionary  micro- 
structural  processes,  but  is  a  viable  property  in  itself, 
which  in  turn  controls  other  microstructural  properties 
and  processes.   Several  of  the  effects  and  relationships 
which  have  been  found  in  this  investigation,  with  regard 
to  the  grain  size  distribution  are  given  below. 

1.  The  grain  size  distributions  of  recrystallized , 
grain  grown,  and  cast  metals  are  consistently  log-normal 
in  form.   The  relative  width  or  degree  of  dispersion  of 
the  distribution  may  be  intentionally  adjusted  over  a  con- 
siderable range  of  values.   Increased  solidification  rates 
and  increased  amounts  of  deformation  prior  to  recrystal- 
lization  decrease  the  width  of  the  grain  size  distribu- 
tion, as  measured  through  £n  o^,    the  standard  deviation 

of  the  logarithms  of  grain  sizes. 

2.  The  distributions  of  the  numbers  of  faces  per 

grain  (F^)  and  edges  per  grain  face  (Ep)  are  log-normal 

in  form.   The  widths  of  these  distributions,  ?.n  o^   and 

F 

In   Oj^,  are  directly  proportional  to  fn  o,, ,  the  width  of 
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the  grain  size  distribution.   The  distributions  of  these 
topological  features  may  also  be  controlled  through  de- 
formation c-md,  presumably,  solidification  rate. 

3.  The  frequencies  of  3-edged  faces  and  4-faced 
grains  are  directly  proportional  to  in    a^.  and  In    o„,    and 
therefore  arc  similarly  proportional  to  e,n  Oy  as  well. 
The  prevalence  of  these  features  may  thus  be  controlled 
through  deformation  and  annealing  or  solidification  pro- 
cessing . 

4.  Grain  growth  may  occur  at  rates  which  differ 
greatly  among  similar  specimens  of  equal  average  grain 
size,  annealed  at  the  same  temperature,  depending  on  the 
amount  of  deformation  they  have  received  prior  to  the 
recrystallization.   The  lack  of  measurable  difference  in 
the  amount  of  boundary  curvature  in  such  specimens  tends 
to  exclude  variation  iri  driving  force  as  the  cause  of 
this  phenomenon.   The  multifold  decrease  in  the  fre- 
quencies of  3-edged  faces  with  increased  deformation, 
similar  in  magnitude  to  the  decrease  in  the  rate  of  grain 
growth,  suggests  that  for  a  given  driving  force,  the  rate 
of:  grain  growth  is  controlled  by  the  rate  of  occurrence  of 
the  topological  events  required  for  growth.   Once  the 
grain  size  distribution  has  evolved  through  recrystalliza- 
tion, its  form  remains  unaffected  by  later  grain  growth. 


APPENDIX  A 
GRAIN  WEIGHT  DATA 


Specimen  C-V'^' 


-4 
Weight  XIO    (gm.)    Number  of  grains 

<1  15 

2-  10  36 

11-  20  24 

21-  30  22 

31-  50  17 

51-  75  23 

76-125  18 

126-300  20 

301-600  2 


Specimen  C - 2 "-'' 


-4 
Weight  XIO    (gm.)    Number  of  grains 

11  15 

2-   5  23 

6-  10  17 

11-  15  16 

16-  20  16 

21-  25  10 

26-  30  11 

31-  35  11 

36-  50  10 

51-  80  15 

81-300  5 
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209 


Specimen  C-3' 


-4 
Weight  XIO    (gm.)    Number  of  grains 

il  12 

2  8 

3  8 
4-  5  14 
6-  10  14 

11-  15  7 

16-  20  9 

21-  30  7 

31-  60  5 


Spec imen  C -U''^ 


Weight  XIO    (gm.)    Number  o£  grains 

53 
42 
32 
27 
53 
32 
25 
39 
36 
27 
6 


< 

1 

2 

3 

4 

5- 

6 

7- 

8 

9- 

10 

11- 

15 

16- 

25 

26- 

50 

51- 

100 

:io 


S p e cimen  T-3" 


■4 


Weight  XIQ    (gm.)    Number  of  grains 


2-   10 

11-   25 

26-   50 

51-  150 

151-  250 

251-  500 

501-1000 

1001-2000 

2001-2500 


1 

7 

9 

14 

13 

12 

12 

7 

1 


Specimen  T-6-1 


Weight 

XIO""^ 

< 

:0, 

,1 

0, 

.2- 

-   0 

0. 

,6- 

-   1 

2 

-   5 

6 

-  10 

11 

-  15 

16 

-  30 

31 

-100 

101 

-200 

201 

-250 

(gm.)    Number  of  grains 


22 
30 
32 
59 
31 
17 
19 
19 
5 
1 


Specimen   T-6-2-'' 


Weight  XIO~^ 

(gm 

) 

Number 

of  grains 

<0 

.1 

7 

0.2 

-   0 

5 

30 

0.6- 

-   1 

39 

2   - 

-   5 

74 

6   - 

-  10 

39 

11   - 

-  15 

23 

16   - 

-  25 

33 

26   - 

-  40 

31 

41   - 

-  60 

31 

61   - 

-200 

36 

201   - 

-300 

6 

Specimen  S-1" 

Weight  X10~^ 

(gm 

) 

Number 

of  grains 

< 

1 

23 

2 

13 

3 

10 

4 

13 

5 

17 

6- 

10 

10 

11- 

20 

6 

21- 

30 

4 

31- 

35 

1 
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Specime n  S - 2 " 


Weight  XIO    (gm.)    Number  of  grains 

a  117 

2-   5  79 

6-  10  48 

11-  15  55 

16-  20  32 

21-  25  33 

26-  35  41 

36-  60  41 

61-100  53 

101-300  24 

301-400  2 


Specimen  S-3~'' 


VJeight:  XIO"   (gm.)    Number  of  grains 

51 
36 
29 
25 
20 
26 
21 
19 
23 
2 


1 

1 

2- 

-   10 

11- 

-   20 

21- 

-   40 

41- 

-  100 

101- 

300 

301- 

600 

601- 

1200 

1201- 

3000 

3001- 

7500 

?.L3 


Specimen    80- l"-'' 

Vol.    XIO' 

8    ,        3,., 
(cm.     )" 

3.43 

-      6.86 

6.87 

-    13.7 

13.8 

-    27.5 

27.6 

-    54.9 

55.0 

-110 

111 

-220 

221 

-439 

440 

-878 

Number  of  grains 


405 

634 

1072 

1295 

1012 

444 

64 

4 


Specimen  designations  are  explained 
on  pages  19,  21,  22  and  116. 

Due  to  the  Coulter  counter  analysis 
being  affected  by  the  electrical 
conductivity  of  the  aluminum  grains 
the  true  volume  limits  of  the 
various  size  classes  are  all  higher 
than  those  reported  above,  by  equal 
proportions . 


APPENDIX  B 
EDGES  PER  GRAIN  FACE 


Numbers  of  faces  with  N  edges,  for  each  speci men' 
N       C^T    C^T    C^3    C^Tf    T^3    T-6-1    T-6-2 


2 

1 

- 

- 

- 

36 

42 

12 

3 

21 

15 

18 

4 

226 

233 

267 

4 

37 

62 

82 

57 

328 

376 

539 

5 

39 

48 

81 

65 

262 

257 

451 

6 

26 

31 

49 

27 

188 

175 

294 

7 

11 

12 

29 

16 

177 

99 

165 

8 

7 

4 

13 

1 

65 

50 

96 

9 

- 

- 

- 

1 

35 

31 

39 

10 

- 

- 

- 

- 

24 

20 

24 

11 

- 

- 

- 

- 

12 

11 

8 

12 

1 

- 

- 

- 

5 

2 

5 

13 

- 

- 

- 

- 

2 

2 

1 

14 

- 

- 

- 

- 

1 

- 

2 

15 

- 

- 

- 

- 

- 

1 

- 

16 

- 

- 

- 

- 

1 

2 

- 

17 

- 

- 

- 

- 

2 

- 

- 

18 

- 

- 

- 

- 

- 

- 

- 

19 

- 

- 

- 

- 

- 

1 

- 

26 

- 

- 

- 

- 

- 

1 

- 

Specimen  designations  are  explained  on  pages  19  and 
21. 
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app?:ndix  c 
faces  per  grain 


Numbers    of   grains   with   N    faces,    for   each   specimen* 
N  '  "^       T-3        T-b-1        T-6-Z 

3  ~3  7 

^  5  !  1  6 

5  9  10  5 

6  6  10  10 

7  6  14  13 

8  4  8  9 

9  3  6  13 

10  5  5  8 

11  5  2  12 

12  5  4  5 

13  5  6  7 
lA  5                2                 6 

15  15  7 

16  4  2  8 

17  2  4  3 

18  2  13 

19  -  2  3 

20  2  12 

21  3  15 

22  3-2 

23  3  2  2 

24  4  13 

25  113 

26  1  -  - 

27  11- 

continued 
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Appendix  C  -  continued 


Numbers  of  grains  with  N  faces,  for  each  specimen'^f 

N T-3~   T^^I    T-b-2            

28  _  _       _ 

29  -  4       2 

30  11- 

31  _  _       1 

32  _  _       1 

33  -  1  1 
35  _      1       _ 

37  1-1 

38  1  _       - 

39  _  _       1 

41  -  _       1 

42  1  _  _ 
48  _  _  1 
56  1      _       _ 

58  _  1       _ 

59  -  1       - 

Specimen  designations  are  explained  on  page  21. 


APPENDIX  D 
MEASUREiiENT  OF  THE  LINEAL  FEATURES  OF 
ANISOTROPIC  MICROSTRUCTURES 


The  Saltykov  Model 
The  Saltykov  model  (1,11,58)  assumes  that  the  lineal 
features  in  anisotropic  m.icros tructures  may  be  considered 
as  infinitesimal  segments,  separable  into  several  compo- 
nents, each  with  a  fixed  type  of  orientation:   a)  a  linear 
component  of  line  segments  all  parallel  to  some  axis, 
b)  a  planar  component  of  segments  oriented  isotropically 
within  a  plane,  and  c)  a  three-dimensionally  isotropic 
component.   Each  of  the  four  general  microstructural 
classes  [Figs.  (64a) - (64d) J-isotropic ,  planar,  linear,  and 
planar-linear-is  then  the  combination  of  a  different  set 
of  the  above  components : 

(a)  isotropic  microstructure ;  isotropic  component 
only 

(b)  [)lanar  microstructure;  isotropic  and  planar 
components 

(c)  linear  microstructure;  isotropic  and  linear 
components 

(d)  planar-linear  microstructure;  isotropic, 
pl.niar  and  linear  components 


21: 


Figure    (64).       Characteristic  inicrostructural    orientations 
Adapted    from    (11)    and    (58) . 
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(o)  ISOTROPIC  STRLICTUF?E 


ORILNTATION  AXIS 


(b)  LINEAR  STRUCTURE 


(c)F-'LANAR  STRUCTURE  °        (dlPLAMAR  -  Lir\lE_AR  STRUCTURE 
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For  a  given  class  of  microstructure ,  Ly  may  be  determined 
separately  for  each  component,  the  total  L„  for  the 
structure  being  the  sura  of  the  com.ponents . 

A  relative  degree  of  orientation  may  also  be  cal- 
culated by  dividing  L   of  any  particular  component  by 
the  total  Ly,  yielding  the  fraction  of  all  lines  having 
the  orientation  of  that  component. 

Saltykov  has  previously  developed  equations  for  the 
analysis  of  lines  in  the  linear  class  only.   The  cor- 
responding equations  for  the  planar  and  planar-linear 
classes  are  developed  below. 

Planar-Linear  Structure 

Saltykov's  planar-linear  class  of  anisotropy 
[Fig.  (64d)J  is  typified  by  the  microstructure  of  a  rolled 
polycrystalline  metal.   The  features-  of  such  structures 
tend  towards  being  both  (a)  elongated  along  an  axis, 
termed  the  orientation  axis ,  and  (b)  compressed  into 
alignment  vjith  a  plane  parallel  to  this  axis,  the 


"This  analysis  vjill  consider  only  those  micros tructural 
features  which  are  one-dimensional  in  space.   Although  the 
grain  edges  used  as  examples  in  the  following  derivations 
are  not  visible  in  Figs.  (64a)-(64d),  except  for  their 
points  of  emergence,  their  patterns  of  orientation  will, 
of  necessity,  be  related  to  those  of  the  illustrated 
grains  themselves. 
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orientation  plane.   The  grain  edge  network  of  a  planar- 
linear  raicrostructure  is  thus  composed  of  all  three 
components  of  line-planar,  linear,  and  isotropic-which 
may  be  calculated  individually.   Measurement  of  total  L 
requires  the  evaluation  of  P^  on  all  three  planes  shown 
in  Fig.  (64d) . 

A  test  section  parallel  to  the  orientation  plane 
intersects  only  isotropic  component.   The  density  of 
intersections  with  this  plane,-  (P^)  ,  yields  the  length 
per  unit  volume  of  isotropic  edee ,  (L„) .  : 

r        '^   '   ^  V  IS 

^Vis  =  2(P^)^  (D-1) 

The  calculation  of  the  planar  component,  (L^)  ,, 
requires  the  measurement  of  (P^)   on  a  section  perpendi- 
cular to  the  orientation  plane  and  parallel  with  the 
orientation  axis.   Intersections  from  both  planar  and 
isotropic  edges  appear  in  this  view.   Since  the  density 
of  intersections  with  isotropic  component  is  again  (P  ) 
subtraction  yields  (l'/^)  ^^  >  the  density  of  intersections 
on  this  plane  from  planar  oriented  lines  alone: 

^^A^pl  =  (Va  -  ^Vc  (D-2) 


"The  terms  (Pa) a-  (PA)b.  and  (Pa)c  refer  to  P^  evaluated 
on  the  planes  perpendicular  to  the  similarly  labeled  axes 
in  Figs.  (64b) -(64d).   As  a  convention,  axes  of  elongation 
will  always  be  parallel  to  the  b-axis  and  axes  of  compres- 
sion will  parallel  the  c-axis. 
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This  leads  to  tl)e  statistical  problem  of  determining 
the  relationship  between  the  length  per  unit  volume  of 
line  randomly  oriented  within  a  plane  and  the  number  of 
intersections  it  makes  witii  a  test  plane  perpendicular  to 
the  orientation  plane.   Consider  a  cubic  volume  [Figs. 
(65a)  and  (65b)]  with  edge  length  X  and  face  area  oC  , 
which  contains  a  number  of  infinitesimal  line  segments, 
dA ,  oriented  at  random  within  a  plane  parallel  to  one  side 
of  the  cube.   If  the  cube  is  sectioned  uniformly  across 
its  width  with  a  test  plane  perpendicular  to  the 
orientation  plane,  P(int],  the  probability  of  the  plane 
intersecting  an  individual  dA ,  of  orientation  e,  is  pro- 
portional to  dz('i),  the  projected  length  of  dA  in  the 
direction  perpendicular  to  the  test  plane: 

dz(G)  =  dA|cos  0  I  (D-3) 

The  ratio  of  the  projected  length  of  dA  along  the  sec- 
tioning axis  to  X.   ,  the  total  length  sectioned  over 
yields  P { int  }  : 

P{int}  =  ^^=  ^M^s  9|  ^^_^^ 

If  the  cube  is  sectioned  N  times  by  a  plane  of  area 

y  2          -11,   NdA I  cos  0  I  . 
«(,  ,  there  will  be  ^^ L  intersections  with  dA  and 

9 
a  total  area  N^   sectioned.   Letting  dP.(e)  equal  the 

average  number  of  intersections  with  a  single  segment 


Figure  (65) .   (a)  Isolated  grain  from  planar  oriented  micro- 
structure.   Heavy  grain  edge  segments  have 
planar  orientation,  others  are  arrayed  iso- 
tropically.   (b)  Relation  of  dz  (0),  the  pro- 
jected length  of  a  planar  oriented  line  seg- 
ment to  0 ,  the  relative  angle  of  orientation 
of  the  segment. 
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oriented  at  some  fixed  G,  per  unit  area  of  test  plane, 
yields 

dP  (d)    =  '^Q^^^  number  of  intersections 
A  '         Fotal  area  sectioned 

NdAJcos  I)  I  /    _  dAlcos  Ol  .^  ^, 

Since  the  planar  segments  to  be  measured  are  dis- 
tributed at  random  within  the  orientation  plane,  dP.(e) 
must  be  averaged  over  all  possible  0,  by  multiplying 
each  incremental  value  of  dP^(e)  by  the  fraction  of  all 
possible  orientations  which  lie  within  a  narrow  range  dO. 
This  fraction,  ?(;')  d(n),  is  given  by 

P(0)  d(0)  =  -— -T ^^ ^^ ^ . , 

total  possible  range  of  orientations 

-~   ^  (D-5) 

The  segments  are  considered  to  only  have  an  orienta- 
tion range  of  n  within  the  plane,  since  they  have  no 
sign  of  directionality. 

Averaging  dP, (G)  over  all  G  yields 

dP;  =  3      dPA^e)  P(0)  dG  =  'j*^  -^^^^"^  "I    ^ 

2d  A 
=  —^  (D-7) 

where  dP^  is  the  average  number  of  intersections  per  unit 
area  that  parallel  section  planes  would  make  with  a 
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segment  whose  orientation  within  the  plane  was  allowed  to 
vary  at  random  during  the  sectioning.   Summing  the  number 
of  intersections  from  the  many  dA  within  the  orientation 
plane , 

where  (L)  ^  ^^  the  total  length  of  planar  oriented  edge 

in  the  cube,  ^       is  equivalent  to  V,  the  volume  of  the 

cube,  (Ly)    .    is  the  resulting  length  of  planar  edge  per 

unit  volume  and  P.  is  the  average  number  of  intersections 

from  all  planar  oriented  segments  per  unit  area  of  test 

plane  perpendicular  to  the  orientation  plane.   Rearranging 

and  noting  that  FT  =  (P.)  ,  , 
^       A    ^  A  pi ' 

^Lv>pl  =  7^=5  ^^A^^r  (D-9a) 

Combining  with  Eq .  (D-2)  yields 

(Vpl  =  7  f^Va  -  ^^A^cJ  (°-9b) 

The  density  of  intersections  on  a  plane  perpendicular 
to  both  the  orientation  axis  and  orientation  plane  (P*),  , 

A  D 

includes  points  from  all  three  components  of  edge. 


"This  result  is  the  three-dimensional  analog  of  the  basic 
equation  Lp^  =    n/2  Nl,  relating  the  length  per  unit  area 
(La)  of  random  line  on  a  plane  to  the  number  per  unit 
length  (Nl)  of  intersections  of  the  line  with  a  test  line, 
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Subtraction  yields  (Pa)-!-  ,  the  density  of  intersections 
from  linear  component  only: 

(Vlin  =  ^'\h    -    (Va  (D-10) 

The  length  per  unit  volume  of  parallel  lines  intersected 

by  a  perpendicular  plane  is  exactly  equal  to  the  number 

of  intersections  per  unit  area  on  the  plane.  Using  this 
relationship  with  Eq .  (D-10)  yields 

^^V>lin  =  ^Vlin  =  (Vb  -  (Va        ^""-^'^ 
The  total  length  of  all  edge  per  unit  volume  is 
given  by  the  sum  of  the  component  lengths .   Defining 

^Vb     ,         (Vc 

A  a  ^  A  a 

V  total      V  is      V  pi     V  Im 

=  (P^)^     [q^+(2-J)q2+(^-l)]       (D-12) 

A  planar-linear  component,  representing  all  non- 
isotropic  edge,  may  also  be  computed: 

^Vpl-lin  =  (Vpl  +  (Vlin 

=  (Pa)^  [(q^-l)+^(l-q2)]     (D-13) 

Equations  (D- 14) - (D-16)  yield  the  fractional  amount  of 
all  line  which  is  of  the  various  component  orientations. 
Degree  of  planar  orientation: 


pi    mj 


total    q^+(2-^)q2+(^-l) 


'rn 


Degree   of    linear   orientation 

H      _       ^^V^_lin  ^1-1 

^total         q^+(2-J)q2+(2-l) 

Degree  of  planar-linear  orientation: 


^^^hin  -  O^ =  -' ^ (°-l^) 


V^total    q-|  +  (2-iy)q  +(2-!) 

It  should  be  noted  that  Eqs .  (D-14)  and  (D-15)  result 
from  Eq .  (D-16)  when  q-,  =  1  and  q^  =  1 ,  respectively. 

Planar  Structure 

The  grain  boundary  network  of  a  uniaxially  compressed 
polycrystal  is  an  example  of  Saltykov's  "planar"  class  of 
anisotropic  microstructure  [Fig.  (64c)].   The  features  of 
such  structures  tend  towards  being  aligned  within  a  plane, 
but  are  not  simultaneously  elongated  as  in  the  planar- 
linear  structure.   This  structure,  composed  of  only  the 
planar  and  isotropic  components  is  thus  a  subset  of  the 

more  general  planar-linear  case.   The  values  of  (L,J  .  , 
^       ^  T  ^  V^ is  ' 

V 
(L^)  ,  ,  (Ly),.  1^.1  and  (^2)  ,  are  again  obtained  through 

Eqs.  (D-1),  (D-9b),  (D-12)  and  (D-16),  simplified  by  the 

condition  q,  =  1 ,  defining  a  planar  structure. 

Linear  Structure 

The  linear  class  of  microstructure,  for  which 
Saltykov  has  derived  equations,  is  again  a  subset  of  the 
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planar  linear  class.   It  is  composed  of  only  linear  and 
isotropic  components  and  is  defined  by  the  condition 

q2  =  1.   The  values  of  (L^).^^,  (Lv)iin'  ^H^)  total  ^^^ 

V 
(•'^Oij^   may  thus  be  obtained  from  the  above  general  equa- 
tions.  Paradoxically,  there  is  thus  no  need  to  rigidly 
classify  a  specimen  before  analysis,  although  it  may  be 
convenient  for  descriptive  purposes. 

Length  of  Projected  Line 

The  value  of  (L,,)   '.  ,  the  total  length  of  line  per 
V  proj  ^'  ^ 

unit  volume  projected  in  any  direction,  <hk!?>,  relative  to 
the  orientation  axes,  may  be  measured  directly  on  a 
specimen,  from  the  relationship 

(H)proj  ^  (Pa)'"  ("-1^) 

hk  C 
vjhere  (Pa)     is  the  value  of  P.  measured  on  the  section 

plane  normal  to  <hk£>  ,  i.e.  the  (hk?.}  section  plane.   The 

value  of  (L^)    .  may  also  be  calculated  from  the  Saltykov 

model,  yielding  additional  information  without  requiring 

extra  measurements . 

Once  (P^)j'3.  (Pa-^tI'  ^'^'^  ^'^A^'lin  ^'^^'^^   '^'^^'^  calculated 
in  relation  to  the  principal  planes,  they  may  be  calcu- 
lated for  any  other  plane  as  well.   The  sum  of  the  com- 
ponent values  calculated  for  the  {hk'l}    plane  estimates 

/T  \hkP   ^    ,       .        ,    . 

^  V  proi      ^        specimen.   The  isotropic  component 
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contributes  the  same  (P.).   in  all  directions-: 


Ca'S'  =  (^Ahs   ^    (Pa>c  <"-18) 


For  the  linear  component, 

^^^A>lin  ^  (Vlin  1^-  «l 

^  f^Vb  -  (Va^  ^'^'    ]      (D-19) 
v'h  +k  +£ 

where  |cos  '■- [  is  effectively  the  cosine  of  the  acute  angle 

between  the  linear  orientation  axis  (b-axis)  and  <hk£> . 

The  planar  component  contributes 

hkP 


^^k\    ~    ^^A^c^^^^""  cos'^C— -i-^i )]  (D-20) 

/h^+k'^+£^ 


where  B  is  the  acute  angle  between  <hkP>  and  the  orienta- 
tion axis  of  the  planar  oriented  segments  (c-axis) . 

Summing  the  component  values  yields  the  theoretical 


total  (P^^) 


^V'"'  =  (PA)Jq2+(qri)(-:^^)+(i-q2) 

/h  +k  +fc 

-1     \  ^  \ 
sm  cos   (-   I  ^1  — )]  (D-21) 

,~2 — 2 — 7 
/h  +k'^+.f/ 


^Using  "the  previously  mentioned  axial  convention,  the  fol- 
lowing equations  are  applicable  for  all  classes  of 
anisotropy . 
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Note  that  this  equation,  like  Eqs .  (D-12)  and  (D-16) ,  may 
be  used  for  specimens  with  any  type  of  anisotropy  since 
q-j^  =  1  and  q^   =    1,  respectively,  for  planar  and  linear 
systems,  cancelling  the  unnecessary  P.  component. 

The  Tetrakaidecahedron  Model 
The  tetrakaidecahedron  (TKD)  model,  suggested  by 
DeHoff  (59),  also  allows  the  estimation  of  total  Ly  for 
an  anisotropic  body  from  P.  measured  on  two  or  three 
section  planes.   The  model  employs  the  edges  of  an 
anisotropic  Kelvin  tetrakaidecahedron  (truncated  octa- 
hedron) as  an  analog  of  the  lineal  features  of  a  real 
microstructure .   Using  the  same  axial  convention  and 
notation  as  before,  the  calculated  lengths  of  TKD  edge 
projected  in  the  three  principal  directions  are  compared 
to  the  projected  lengths  of  real  line  determined  from  P. 
measurements.   The  shape  of  the  modeling  TKD  is  then 
altered  (flattened,  elongated  or  both)  such  that  it  and 

tlie  specimen  have  similar  values  of  (L„)    .  in  those 

V^proj 

three  directions.   The  projected  lengths  of  the  TKD  edges 

in  various  directions  are  assumed  to  be  representative  of 

those  of  the  real  specimen.   (L,,)  ^  ^  -,  of  the  specimen  is 
■^  V  total  ^ 

then  that  of  the  TKD. 

It  should  be  emphasized  that  this  model  does  not 
assume  any  relation  of  the  TKD  to  average  grain  shape. 
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It  is  employed  here  simply  as  an  orientable  geometric 
array  of  lines,  convenient  for  mathematical  description. 

The  TKD  has  36  edges,  of  equal  length  when  equiaxed, 
and  14  faces:   8  hexagonal  and  6  quadrilateral.   The 
dimensions  of  the  body,  both  equiaxed  and  anisotropic, 
enclosed  by  a  parallelpiped  with  axial  lengths  a,  b  and  c, 
are  illustrated  in  Figs.  (66a)  and  (67a).   The  six 
quadrilateral  faces  contact  those  of  the  parallelpiped 
such  that  the  projected  lengths  of  all  TKD  edges  along 
the  major  axes  [Figs.  (66b)  and  (67b)],  are  directly 
proportional  to  the  axial  lengths,  a,  b,  and  c.   Once 
(Ly)   q4  ("P^^^)  has  been  measured  in  the  principal  direc- 
tions of  a  real  specimen,  the  axial  ratios  of  the  model 

can  be  set  such  that  (L„)    .  for  the  TKD  and  the 

V  proj 

specimen  are  proportional  in  corresponding  directions. 

Employing  for  convenience  the  previously  defined  P. 

ratios , 

(P  ) 
„   _    A'^b    b  .„  „„. 

^1  -  Tp^y;  =  a  (^-22) 

^Vc    c 
^2  ^  ipfrt  =  a  (D-23) 

The  relative  lengths  and  orientations  of  the 
individual  TKD  edges  vary  with  and  may  be  calculated  in 
terms  of  q-j^  and  ci^,    i.e.  the  degree  of  anisotropy.   The 
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(a) 

Figure  (66).   (a)  Equiaxed  tetrakaidecahedron : 
b  =  c;  qi^  =  q2. 
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Figure  (66).  (b)  Equiaxed  totrakaidecahedron ,  plan 
view.  Edges  of  equal  orientation  and 
true  length  are  numbered  identically. 
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volume  of  the  TKD  remains  one-half  that  of  the  parallel- 
piped  regardless  of  its  shape.   Thus,  the  total  L,,  of  the 
TKD,  theoretically  equal  to  that  of  the  specimen,  may 

easily  be  calculated  once  (P.)  ,  (P.),  ,  and  (P,)   have 

A  a    A  b        Ac 

been  measured  and  q-,  and  q^  are  known.   As  with  the 

hk?, 
Saltykov  model  (1,11,58),  (L„)    .  may  also  be  calculated 
J  '   '   '  '  ^  V  proj    -^ 

for  any  direction,  <hk£> . 

The  equations  for  the  calculation  of  (L,,)^  ^  ,  and 
^  ^  v^^total 

hkP 
(L^)    .  using  the  TKD  model  are  derived  below. 

Total  Line  Length 

The  36  edges  of  the  TKD  may  be  divided  into  6  sets, 
each  containing  6  lines  of  equal  length  and  orientation. 
The  lines  belonging  to  sets  i  =  1,6,  numbered  identically 
in  Figs.  (66b)  and  (67b),  may  be  expressed  vectorially 
in  terms  of  the  axial  lengths  and  ratios;  e.g.,  for  i  =  1: 

^1  -  |>^  +  ^Y  =  |(X  +  q^Y)  (D-24) 

The  senses  of  the  vectors  are  arbitrary  and  do  not  affect 
the  following  development.  The  values  of  n-,  the  lengths 
of  the  individual  lines  in  set  i,  are  then  given  by  |V.|, 
e.g. 


n^  =  |/1  +  a^  (D-25) 


The  value  of  (L^^)  (^q^^^]^  >  the  total  length  of  edge  per  TKD 
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volume  (taken  as  unity) ,  is  equal  to  the  sum  of  the 
lengths  of  the  6  lines  in  all  6  sets : 


^    V'^  total         .    T     ^    1  ^1 

1  =  1  ,  D 


~T~~2 


+    /q^+q2    +    /l+q2] 


(D-26a) 


For  comparison  with  real  micros tructures  ,  (L,,)^  ^  -, 

'  ^  V^total 

must  be  expressed  in  terms  of  P..   This  can  be  accom- 
plished by  insert  ing  a  scale  factor  into  Eq .  (D-26a) , 
relating  the  lengths  of  specimen  and  TKD  edges  projected 
in  a  given  direction.   It  can  be  seen  in  Figs.  (66b) 
and  (67b)  that  24  of  the  36  edges  project  a  length  of  ^ 
along  the  a-axis,  yielding  a  total  projected  length  in 
this  direction  of  6a,  per  TKD  volume.   Equating  this  with 
(P^)^,  the  projected  length  of  real  line  along  the  a-axis 
of  the  specimen  yields  the  scale  factor: 


(Va 


(D-27) 


Inserting    tliis    into    Eq  .     (D-26a)    yields    (L„)  -,     for 

V  total 

the  specimen. 


^^^V^  total 


^^A^a 


2  --[/1+qJ  +  /qf+q^  +  /1+q^]    (D-26b) 
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For  specimens  with  symmetry  similar  to  Saltykov's  planar 
and  linear  cases,  Eq .  (D-26b)  is  simplified,  since  q   =  1 
and  q2  =  1 ,  respectively.   Thus,  as  was  shown  with  the 
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Saltykov  model,  a  specimen  need  not  be  classified  by  type 
of  anisotropy  prior  to  analysis,  although  knowledge  of 
such  symmetry  simplifies  the  procedure. 

Length  of  Projected  Line 

hkii 
The  value  of  (L„)    . ,  the  length  per  unit  volume  of 
V  proj  ^    ^ 

TKD  line  projected  in  some  direction  <hk2.>  relative  to  the 
orientation  axes,  is  given  by  the  sum  of  the  projected 
lengths  of  the  6  lines  in  each  of  the  6  sets.   The  pro- 
jected length  of  a  line  in  set  i  in  the  <hk£>  direction  is 
given  by  n  | cos  Y-|,  where  | cos  y-I  is  effectively  the 
cosine  of  the  acute  angle  between  V.  and  <hk£>.   Therefore 

^S-)proj  =  J/^e'^i'^^^  ^i'  (^-2«> 

The  values  of  | cos  y .\    must  be  calculated  individually 
for  each  line  set,  e.g.  for  i  =  1: 

I       I     '^ZT  ZT  °^      (h  k  £) 
I  cos  Yi  I  = .   ^''  '^  --'y 


I  h+q  -,  k  I 
/(l+q^)(h^+k^+i^) 


(D-29) 


Entering  the  expressions  for  n-  and  | cos  y-I-  i  =  1,6 
in  Eq .  (D-28) ,  and  applying  the  scale  factor  yields 
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(Vproj    =     t  '\;        ][|h+q^k|  +  |h-q^k|  +  |q^k+q^M 

4vii  +k'^+,r 

+  |q^k-q2?,|  +  |h+q2£  |  +  |h-q2p.  I  ]  (D-30a) 

Due  to  symmetry,  the  positive  octant  of  possible  <hk£> 
orientations  is  representative  of  the  rest  of  a  specimen 
and  Eq .  (D-30a)  is  further  simplified.   Noting  this  and 
Eq.  (D-17), 


V'proj      A'       >-  -^ ^ rj^ 

4/h^+k^+£'^ 

[2(h+q^k+q2f |+|h-q^k| 
+  Iq-j^k-q^.?.  |  +  |h-q2f.  I  ]  (D-30b) 

For  specimens  aoproximating  the  planar  system  (q,  =  1)  or 

linear  system  (q^  =  1),  Eqs .  (D-30a)  and  (D-30b)  are 

further  reduced.   Thus,  for  a  specimen  on  which  (P.)  , 

'^  ^  A  a 

(P.),  and  (P.)   have  been  measured,  (P.)     may  be  cal- 
culated for  any  otlier  section  plane. 

The  general  equations  for  (L,,)  ^  .  .  and  (L.,)    .  for 
-         ^  ^  V^total      ^  V^proj 

both  the  Saltykov  and  TKD  models  are  summarized  in 
Table  11. 


Test  and  Comparison  of  Methods 
As  a  test,  the  two  models  have  been  used  to  charac- 
terize the  grain  edge  network  of  a  high  purity  aluminum 
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specimen  rolled  to  207o  reduction  in  thickness.   The  957o 
confidence  intervals  for  the  directed  P.  measurements  are 

(P^)^  =  3850±390  (cm"^) 

(P^)j^  =  4430*430  (cm"^) 

(P^)^  =  2080±170  (cm"^) 
yielding 

^' A^b  _  4430  _  T  ir 
"^l  "  rP^  "  T^^W  -  i-i^ 

r.      -    ^1j^   -  2080    ,  ,^    -,^-1 
2  "  ^^X^  "  3M^  ^  J. 40x10 

The  fact  that  neither  q,  nor  q^  is  equal  to  unity, 
combined  with  the  knowledge  of  the  method  of  deformation 
and  the  micros tructural  appearance  indicates  that  the 
grain  edge  configuration  is  planar-linear.   Using 
Eqs.  (D-12)  and  (D-26b)  , 

Saltykov:   (Lv^total  =  ''^^^  ^™"^^ 

TKD:        (Lv> total  =  ^^^^  (^-"'^ 
Employing  the  Saltykov  equations  for  the  degree  of 
anisotropy  |Eqs.  (D-14) - (D-16) ] ,  the  fraction  of  all 
grain  edge  belonging  to  the  planar  and  linear  components 
may  also  be  calculated: 
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(q)  1      =  0.37  (377o  of  all  line  is  of  planar 


pi 


orientation) 


(rO,:      =0.08  (87o  of  all  line  is  of  linear 


lin 


h 


orientation) 


'^^'''nl-lin  "  °-^^  ^^  total  of  45%  of  all  line  is 
oriented  anisotropically) 

The  estimated  value  of  (L„)^  ^  .  varies  by  less  than 

V  total         -^ 

17o  between  the  two  models.   In  fact,  the  difference  cal- 
culated over  a  wide  range  of  possible  q-,  and  q^  values  is 
generally  less  than  57o.   Determining  how  well  these  models 
represent  the  true  (L^)     -,  of  the  specimen  requires  a 
further  test. 

Values  of  (L„)    .  estimated  by  either  model  may  be 
V  proj  -^  -^ 

directly  compared  to  those  measured  on  the  specimen. 

hk? 
Similar  measured  and  estimated  values  of  (L,,)   '.,  in 

V  proj  ' 

a  wide  range  of  directions,  would  support  the  model  and 

the  validity  of  its  estimation  of  (L„)^  ^  -,  .   Significant 

^  V^total     ^ 

deviation  between  the  two  would  tend  to  reject  the  model. 

The  differences  between  the  values  of  (L„)    .  pre- 

^  V'proj  ^ 

dieted  by  the  two  models  themselves  were  first  calculated 
over  extreme  ranges  of  q-,  ,  q^  and  <hk£>  .   They  were 
generally  less  than  57c,  and  almost  always  less  than  157o, 


:/4  6 


with  neither  model  producing  consistently  larger  values 

than  the  other.   The  one  condition  which  did  produce 

estimations  which  differed  significantly  between  the 

models  was  that  of  <hk£>  being  perpendicular  to  a 

hexagonal  face  of  the  TKD.   In  this  circumstance,  in  which 

many  of  the  TKD  edges  project  no  length  in  the  <hk£,> 

direction,  TKD  model  predicted  values  of  (P.)   '.  consis- 

^  ^  A/proj 

tently  20-307,  less  than  the  Saltykov  model.   This  was 

considered  to  be  the  most  discerning  condition  for 

hkJ 
comparing  the  values  of  (Pa)   '  measured  on  the  specimen 

to  those  calculated  by  the  models. 

For  the  previously  given  values  of  q-,  and  q^^  for  the 

specimen,  the  hexagonal  face  of  the  resulting  TKD  was 

equivalent  to  a  section  plane  of  {112}  orientation 

relative  to  the  axes .   The  predicted  and  measured  values 

are  given  below. 

Measured:  (^A-*^^^  "  3120±310  (cm"^) 

Calculated  (Saltykov):   (P^^^^^  "  ^^^^      (cm"^) 

Calculated  (TKD):        *^^A^^^^  "  ^^^^  (cm~^) 

The  Saltykov  prediction  was  only  77o  greater  than  the 
measured  value,  within  the  range  of  experimental  varia- 
tion.  The  TKD  value,  however,  was  significantly  less 

112 
(157c)  than  the  measured  (Pa) 
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A  similar  comparison  was  also  performed  on  a  section 
plane  with  a  {111}  type  orientation  relative  to  the 
orientation  axes; 

Measured:  ^^A^^^^  "  3960+370  (cm"^) 

Calculated  (Saltykov):   (Pa^^''^^  "  ^^^^      (cm'^) 

Calculated  (TKD)  :        ^^^A^  ^^^  "  ^^^°      (cm"^) 
In  this  case  the  Saltykov  and  TKD  predictions  were  both 
acceptable,  being  37o  and  77o  less  than  the  measured  value, 
respectively . 

Conclusions 
From  these  results,  the  Saltykov  model  appears  to 
provide  a  viable  means  of  analysis  for  spatial  lines 
possessing  the  common  patterns  of  anisotropy.   The  good 
agreement  between  calculated  and  measured  values  of 
(L^)    • ,  even  on  planes  misoriented  far  from  the  princi- 
pal ones,  strongly  supports  the  validity  of  the  model 

and  its  estimation  of  (L,,)^  ^  ,.   Further,  the  ability 

V  total  -^ 

of  the  model  to  estimate  the  fractions  of  line  possessing 
various  orientations  yields  useful  information  about  the 
nature  of  oriented  microstructures  and  the  processes 
creating  them. 


2/4  8 


The  TKD  model  predicts  values  of  (L,,)     .  and 

V total 

(Ly)    4  similar  to  those  of  the  Saltykov  model  over 
extreme  degrees  of  anisotropy  and  in  all  but  one  critical 
direction.   It  cannot  estimate  the  quantities  of  line 
arranged  in  various  orientations. 

Although  the  TKD  model  appears  to  have  general 
validity,  its  limitations  suggest  that  it  should  be 
rejected  in  deference  to  the  more  universally  applicable 
Saltykov  model. 


APPENDIX  E 

SERIAL  SECTION  DATA 

Sample 

25 

- 1- 

Section 

Number  of 
new  grains 

Section  thickness 
X10~^  (in.) 

Sect 
XIO 

ion  volume 
"^  (cm.^) 

1 

6 

0.35 

0.93 

2 

10 

0.20 

0.53 

3 

11 

0.37 

0.99 

4 

2 

0.23 

0.61 

5 

13 

0.80 

2.1 

6 

13 

0.50 

1.3 

7 

10 

0.67 

1.8 

8 

19 

0.73 

2.0 

9 

9 

0.50 

1.3 

Sample 

25- 

.2>'c 

Section 

Number  of 
new  grains 

Section  thickness 
XIO"^  (in.) 

Section  volume 
XIO"^  (cm.-^) 

1 

5 

0.50 

1.3 

2 

1 

0.28 

0.75 

3 

6 

0.60 

1.6 

4 

13 

0.82 

2.2 

5 

19 

1.35 

3.6 

6 

8 

0.94 

2.5 

7 

21 

1.31 

3.5 

8 

15 

0.78 

2.1 

9 

12 

0.77 

2.1 
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Sample  25 - 3" 

Section    Number  of    Section  thickness    Section  volume 
"'^^  ^^^^^^^      XlQ-3  (in.)        xlQ-^  (cm.3) 


1 

5 

0.55 

2.1 

2 

1 

0.22 

0.83 

3 

1 

0.38 

1.4 

4 

6 

1.22 

4.6 

5 

19 

2.45 

9.3 

6 

7 

1.62 

6.1 

7 

7 

1.96 

7.4 

8 

8 

1.65 

6.3 

9 

9 

1.71 

6.5 

Sample  25 

^Vr 

Section 

Number  of 
new  grains 

Section  thickness 
XIO"^  (in.) 

Section  volume 
X10~^  (cm. 3) 

1 

2 

0.55 

2.1 

2 

1 

0.45 

1.7 

3 

8 

1.52 

5.8 

4 

12 

2.30 

8.7 

5 

15 

2.23 

8.5 

6 

16 

2.85 

11. 

7 

19 

1.60 

6.1 

8 

8 

1.54 

5.9 

?51 


Sample 


1-1' 


Section 

Number  of 
new  grains 

Section  thickness 
XIO"^  (in.) 

Section  volume 
XIO'^  (cm.-^) 

1 

8 

0.20 

0.11 

2 

1 

0.40 

0.21 

3 

5 

0.35 

0.18 

4 

12 

0.40 

0.21 

5 

19 

0.55 

0.29 

6 

8 

0.40 

0.21 

Sample  80 

^.v 

Section 

Number  of 
new  grains 

Section  thickness 
XIO'^  (in.) 

Section  volume 
XIO"^  (cm.^) 

1 

10 

0.39 

0.27 

2 

5 

0.23 

0.16 

3 

8 

0.48 

0.33 

4 

17 

0.70 

0.49 

5 

9 

0.72 

0.50 

6 

9 

0.55 

0.38 

Sample  80 

-3;'- 

Section 

Number  of 
new  grains 

Section  thickness 
XIO'^  (in.) 

Section  volume 
XIO"^  (cm.-^) 

1 

2 

0.29 

0.21 

2 

18 

0.60 

0.42 

3 

12 

0.33 

0.23 

4 

14 

0.75 

0.52 

5 

13 

0.60 

0.42 

6 

11 

0.50 

0.35 

;52 


Sample  80-4- 

Section  thickness    Section  volume 


Section 

Number  of 
new  grains 

1 

25 

2 

12 

3 

5 

4 

8 

5 

3 

6 

8 

7 

10 

8 

6 

9 

15 

10 

12 

11 

20 

XIO 


■3 


(in.) 


XIO"^  (cm.-^) 


0.90 
0.60 
0.35 
0.30 
0.35 
0.45 
0.52 
0.50 
0.43 
0.73 
1.00 


1.1 

0.77 
0.45 
0.38 
0.45 
0.58 
0.66 
0.64 
0.55 
0.93 
1.3 


Sample  80-5- 

Section  thickness    Section  volume 


Section 

Number  of 
new  grains 

1 

19 

2 

6 

3 

9 

4 

12 

5 

13 

6 

13 

7 

7 

8 

8 

9 

21 

10 

24 

XIO 


(in.) 


XIO"^  (cm.-^) 


0.50 
0.40 
0.30 
0.90 
0.50 
0.70 
0.37 
0.59 
0.70 
1.05 


1.2 

0.97 

0.73 

2.2 

1.2 

1.7 

0.90 

1.4 

1.7 

2.6 


2')2> 


Sample  80 -6-'^ 


Section 

Number  of 
new  grains 

Section  thickness 
XIO"^  (in.) 

Sect 
XIO 

ion  volume 
"^  (cm.^) 

1 

11 

0.73 

1.7 

2 

6 

0.72 

1.7 

3 

10 

0.92 

2.2 

4 

10 

0.78 

1.8 

5 

14 

1.10 

2.6 

6 

9 

0.90 

2.1 

Sample  80 

-J_ 

Section 

Num 
new 

ber  of 
grains 

Section  thickness 
XIO'^  (in.) 

Section  volume 
XIO"^  (cm.^) 

1 

7 

0.70 

3.4 

2 

26 

0.95 

4.6 

3 

9 

0.25 

1.2 

4 

4 

0.15 

0.73 

5 

11 

0.70 

3.4 

6 

11 

1.00 

4.9 

7 

5 

0.52 

2.5 

8 

9 

0.55 

2.7 

9 

16 

0.91 

4.4 

10 

16 

1.02 

5.0 

Specimen  designations  are  explained  on  page  116 
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